Qualitativ e Analysis and Veri cation of Hybrid
Mo dels of Genetic Regulatory Networks:
Nutritional  Stress Response in Escherichiacoli

Gr@gory Batt 12, Delphine Roperst, Hidde de Jong!, JohannesGeiselmanr?,
Michel Paget4, and Dominique Sdneider®

1 INRIA Rhone-Alpes, 655 avenue de I'Europ e, Montb onnot, 38334 Saint Ismier
Cedex, France,
f Gregory.Batt, Delphine.Ropers, Hidde.de-Jong, Michel.Page g@inrialpes.fr
2 Universit® Joseph Fourier, Grenoble, France
% Laboratoire Adaptation et Pathog@nie des Micro organismes, CNRS UMR 5163,
Univ ersit® Joseph Fourier, Grenoble, France,
f Hans.Geiselmann, Dominique.Schneider g@ujf-grenoble.fr
4 Universit® Pierre Mendps France, Grenoble, France

Abstract. The switch-like character of the dynamics of genetic regu-
latory networks has attracted much attention from mathematical biol-
ogists and researders on hybrid systemsalike. We extend our previous
work on a method for the qualitativ e analysis of hybrid models of genetic
regulatory networks, basedon a classof piecewise-atne di®erertial equa-
tion (PADE) models, in two directions. First, we presert a re nement
of the method using a discrete or qualitativ e abstraction that preserves
stronger properties of the dynamics of the PA systems,in particular the
sign patterns of the derivativ es of the concertration variables. The dis-
crete transition system resulting from the abstraction is a consenative
approximation of the dynamics of the PA system and can be computed
symbolically. Second,we apply the re ned method to a regulatory system
whosefunctioning is not yet well-understood by biologists, the nutritional
stressresponsein the bacterium Escherichia coli.

1 Intro duction

The functioning and developmen of living organismsis cortrolled on the molec-
ular level by networks of genes proteins, small molecules,and their mutual inter-
actions, so-calledgeneticregulatory networks The dynamics of thesenetworks is
hybrid in nature, in the sensethat the contin uous evolution of the conceriration
of proteins and other moleculesis punctuated by discrete changesin the activity
of genescoding for the proteins. The switch-like character of the dynamics of
genetic regulatory networks has attracted much attention from mathematical
biologists and researdiers on hybrid systemsalike (e.g. [1{7]).

While powerful techniques for the analysis, veri cation, and cortrol of hy-
brid systemshave beendeveloped (see[8, 9] for reviews), the speci cities of the



biological application domain posea number of challenges[10]. First, most ge-
netic regulatory networks of interest consist of a large number of genesthat are
involved in complex, interlocked feedba& loops. Second,the data available on
both the structure and the dynamics of the systemsis currently essetially qual-
itativ e in nature, meaningthat numerical valuesfor concerration variablesand
interaction parameters are generally absernt. The above characteristics require
hybrid-system methods and tools to be upscalableand capable of dealing with
qualitativ e information.

In previouswork [4, 11], we have developed a method for the qualitative anal-
ysis of hybrid models of genetic regulatory networks using a classof piecewise-
atne di®ererial equation (PADE) modelsthat has beenwell-studied in math-
ematical biology [1,2] (seealso [5]). The method is basedon a qualitativ e ab-
straction of the dynamics of the PA systemsand exploits favorable mathematical
properties of the models to symbolically compute reachability properties. The
method has beenimplemented in the publicly-available computer tool Genetic
Network Analysis (GNA) [12] and validated on a well-understood network, the
initiation of sporulation in B. subtilis [13].

The present paper extends our previous work in two directions. First, we
presert a re nement of the method using a qualitativ e abstraction that pre-
serwes stronger properties of the dynamics of the PA systems,in particular the
sign patterns of the derivativesof the concerration variables. This information
is critical for the experimertal validation of models of genetic regulatory net-
works, since experimental measuremets of the system dynamics by means of
quarntitativ e RT-PCR, reporter genes,and DNA microarrays usually result in
obsenations of changesin the sign of derivatives.The re nement of the method,
which has required us to deal with non-trivial technical ditculties arising from
discortin uities in the righthand-side of the PADE models, hasresulted in a new
prototype version of the computer tool GNA. Second,we have applied the re-
“ned method to a biological systemwhosefunctioning is not yet well-understood
by biologists, the nutritional stressresponsein the bacterium E. coli. This has
led to new insights into how the adaptation of cell growth to nutritional stress
emergesfrom the molecular interactions. Moreover, it has given rise to predic-
tions of the behavior of the system after a nutrient upshift, which are currently
being tested in our laboratory.

In Sections2 and 3 of the paper, we review PADE models and their math-
ematical properties, with a special emphasison a partition of the phasespace
preserving the sign of the derivativesof the concerration variables. This parti-
tion forms the basisfor the de nition, in Section 4, of a qualitativ e abstraction,
transforming the cortinuous transition system assaiated with a PADE model
into a discrete transition system. The discrete transition systemis a simulation
of the contin uoustransition system,thus providing a consenative approximation
of the network dynamics. Moreover, the discrete transition systemcan be easily
computed in a symbolic manner from inequality constraints on the parameters.
In Section 5, we describe the application of the method to the qualitativ e anal-



ysis of the nutritional stressresponsein E. coli. The nal section of the paper
discusseghe results in the cortext of related work on hybrid systems®

2 PADE models of genetic regulatory networks

The dynamics of genetic regulatory networks can be modeled by a class of
piecewise-atnedi®erertial equations (PADE) of the following general form [1,
2]

x=h(x)=1(x)i g(x)x; 1)
wherex = (x1;:::;%5)%2 - is a vector of cellular protein concenrations, f =
(fy;::2:f0)% g = diag(gr;:::;00), and - % Rf‘o is a bounded n-dimensional
phasespacebox. The rate of changeof ead protein concerration x;,1- i - n,

is thus de ned as the di®erenceof the rate of synthesis fi(x) and the rate of
degradation g (x) x; of the protein.

The function f; : - | R o expressesiow the rate of synthesis of the protein
encaled by genei depends on the concerrations x of the proteins in the cell.
More speci cally, the function f; is de ned as

X |
fi)= - THX); (2)
2L
where -| > 0 is a rate parameter,d : - | f0;1g a piecewise-cotin uous

regulation function, and L; a possiblyempty setof indicesof regulation functions.
The function g expressesthe regulation of protein degradation. It is de ned
analogouslyto f;, exceptthat we demandthat g; is strictly positive. In addition,
in order to formally distinguish degradation rate parametersfrom synthesis rate
parameters, we will denote the former by ° instead of - . Notice that with the
above de nitions, h is a piecewise-atne (PA) vector-valued function.

A regulation function b describes the conditions under which the protein
encaded by genei is synthesized (degraded) at a rate - | (°! x;). It is de'ned in
terms of step functions and is the arithmetic equivalert of a Boolean function
expressingthe logic of generegulation [1,2]. More precisely the conditions for
synthesis or degradation are expressedusing the step functions s* ;si :

1/21‘ if Xj > W;
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where x; is an elemernt of the state vector x and p; a constart denoting a
threshold concertration.

Figure 1(a) givesan exampleof a simple geneticregulatory network consisting
of two genes,a and b. When a gene(a or b) is expressed,the corresponding
protein (A or B) is synthesizedat a speci ed rate (- 5 or - ). Proteins A and B

5 A detailed description of the method and the proofs of the propositions can be found
in [14].



regulate the expressionof genesa and b. More speci cally, protein B inhibits the
expressionof genea, above a certain threshold concenration p,, while protein
A inhibits the expressionof geneb above a threshold concenration 1, and the
expressionof its own geneabove a second, higher threshold concerration 2.
The degradation of the proteins is not regulated and therefore proportional to
the concerration of the proteins (with degradation parameters®, or °y).

A
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Fig. 1. (a) Example of a genetic regulatory network of two genes(a and b), eath
coding for a regulatory protein (A and B). For legend, seeFigure 4. (b) PADE model
corresponding to the network in (a).

The useof step functions s® (x; ; 14 ) in (1) givesrise to complications, because
the step gmctions are discortinuous at x; = 4, and therefore h is discortinuous
ONE = " np2pepfX 2 - X = W'g, the union of the threshold hyper-
planes (where the protein encaded by genei is assumedto have p; threshold
concerrations). In order to deal with this problem, we can follow an approac
widely usedin cortrol theory, originally proposedby Filipp ov [15]. It consists
in extending the di®erenial equation x = h(x), x 2 - n£, to the di®erenial
inclusion

x 2 K(x); with K(x) = w(fy! I)Er;nyGZ h(y)g); x 2 - ; 4)

where to(P) denotesthe smallest closed corvex set containing the set P and
flimy, x;yez h(y)g, the setof all limit valuesof h(y), fory 62£ andy ! x.
This approach has been applied in the context of genetic regulatory network
modeling by Gouz§ and Sari [16].

In practice, K (x) may be ditcult to compute becausethe smallest closed
convex setcanbe a complexpolyhedronin - . We thereforeemploy an alternativ e
extension of the di®ererial equation:

X 2 H(x); with H(x) = @(fy! l)gr)ﬂy62 h(y)g); x 2 - ; (5)

where rect(P) denotesthe smallest closed hyperrectangular set containing the
set P [11,14]. The advantage of using rect is that we can rewrite H(x) as a
system of di®erertial inclusions x; 2 Hi(x); i 2 [1::n]. Notice that H(x) is an
overappraximation of K (x), for all x 2 - .

Formally, we de ne the PA system § as the triple (- ;£;H), that is, the
set-valued function H given by (5), de ned on the n-dimensional phase space



-, with £ the union of the threshold hyperplanes.A solution of the PA system
§ on atime interval | is a solution of the di®erertial inclusion (5) on I, that is,
an absolutely-cortin uous vector-valued function »(t) sud that »(t) 2 H (»(t))
almost everywhereon | . In particular, »(t) 2 H(»(t)) may not hold, if » reaches
or leaves- at t.

Forall xo 2 - and¢ 2 R-o[ flg , ¥§ (Xo;¢) will denotethe set of solutions
»(t) of the PA system§, for the initial condition »(0) = xq, andt 2 [0; ¢], if ¢ is
“nite, or [0;1 ), otherwise® Sincethe right-hand side of (5) is upper semicoriin-
uous, the existenceof at least one solution » on sometime interval [0;¢], ¢ > O,
with initial condition »(0) = Xq is guaranteed for all Xocin - [15]. However,
there is, in general,not a unique solution. The set¥g = ~y ,_ . . o¥s (X0;¢)
is the set of all solutions, on a nite or innite time interval, of the PA system
§ . We restrict our analysisto the set¥g of the solutions in ¥é that reach and
leave a threshold hyperplane "nitely-man y times.

3 Mathematical analysis of PA systems

The dynamical properties of the solutions of 8 can be analyzed in the n-

dimensional phasespacebox - = - 1 £ :::£ - ,,where- ;= fx; 2 Rj0- X -
max; g and max; denotesa maximum conceriration of ead protein, 1- i - n.
The (nj 1)-dimensionalthreshold hyperplanesfx 2 - j x; = p}g 116 p,
1- i - n, partition - into (hyper)rectangular regions. Since the regulation

of geneexpressionis identical everywherein suc a region (seebelow), it corre-
spondsto aregulatory mode. Consequetly, the regionsare called mode domains.
The set of mode domains of - is referredto asM .
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Fig. 2. (a) Partition by mode domains of the phase spacecorresponding to the model
of Figure 1(b). (b) Focal setsand dynamics of the mode domains M ! to M ®, and M 1.

Figure 2(a) shaws the partitioning into mode domainsof the two-dimensional
phasespaceof the example network. We distinguish betweenmode domainslike
M7 and M 2, which are located on (intersectionsof) threshold hyperplanes,and

® In the sequel, we say, by abuse of terminology, that » is a solution of § on [0; ¢],
(2 Rso[ flg .



mode domains like M 1, which are not. The former domains are called singular
mode domains and the latter regular mode domains. We denoteby M ; and M ¢
the setsof regular and singular mode domains, respectively.

We intro duce somesimple topological concepts.For every hyperrectangular
region,R p - , ofdimensionk, 0 - k - n, wede ne the supporting hyperplaneof
R, supp(R) 1 - , asthe k-dimensional hyperplane cortaining R. The boundary
of R in supp(R) is denoted by @R. Supposethat M is a singular mode domain,
i.e. M 2 M. Then R(M) is de'ned as the set of regular mode domains M °©
having M in their boundary, i.e. R(MM) = fM°%2 M, jM p @M %.

Using the de nition of the di®erential inclusion (5), it can be easily shavn
that in a regular mode domain M, H(x) reducesto the singleton set ft M ;
oM xg, forall x 2 M, wheret M is avector of (sumsof) synthesisrate constarts
and °M a diagonal matrix of (sums of) degradation rate constarts. This yields
the classicalresult that all solutions » in M monotonically corverge towards
the focal set2 (M) = fA(M)g, where A(M) = (°M)i 11 M [1]. We will make
the generic assumption that the focal sets2 (M), for all M 2 M ,, are not
located in the threshold hyperplanes£ . Figure 2(b) shows the focal setsof four
regular mode domains (M, M 3, M ® and M 11). In the caseof M !, we seethat
a (M) p M, sothat A(M ™) is an asymptotically stable equilibrium point
of §.

In a singular mode domain, the right-hand side of the di®ereriial inclusion
(5) reducesto H(x) = rect(ft ™’ °M%% j M%2 R(M)g), for all x 2 M [11,
16]. The focal set assaiated with the domain now becomes* (M) = supp(M )\
rect(fA(M9 j M?%2 R(M)g), which is generally not a single point in higher-
dimensionaldomains[11,16]. Two di®eren casescan be distinguished. If @ (M)
is empty, then every solution passesthrough M instantaneously [16] and M is
called an instantaneous mode domain. If not, then some (but not necessarily
all) solutions arriving at M will remain in M for sometime, sliding along the
threshold planes containing M [16]. M is then called persistent If 2 (M) is a
single point, then all solutionsin M monotonically corvergetowards this point.
In the casethat 2 (M) is not a single point, a weaker monotonicity property
holds [11,16]. Figure 2(b) shows two singular mode domains, M ? and M 4. M 2
is an instantaneousmode domain (2 (M ?) = ;), whereasM 4 is a persistert mode
domainin which solutions slide alongthe threshold plane. In this simple example,
it is intuitiv ely clear how to de ne the °ow in M 4, giventhe dynamicsin M 2 and
M 5. The use of di®erertial inclusions as described above makesit possible to
de ne the °ow in singular domainsin a systematic and mathematically proper
way.

The fact that every mode domain is assaiated with a unique focal set has
provided the basisfor the abstraction criterion employed in our previous work
[4,11]. Howevwer, this criterion disregardsthat the system does not always ex-
hibit the samequalitative dynamics in di®eren parts of a mode domain, in the
sensethat the sign pattern of the derivatives of the solutions » may not be
unique. Consider the caseof M ! in Figure 2(b): depending on whether »(t) is
above, on, or below the focal conceriration - ,=°, in M 1, », will be decreasing,



steady, or increasing.As a consequenceif we abstract the domain M 1 away in
a single discrete state, we will not be able to unambiguously infer that solutions
entering this domain from M © are increasingin the x,-dimension. This may lead
to problems when comparing predictions from the model with geneexpression
data, for instance the obsened variation of the sign of x;,. Today's experimental
techniques, suc as quartitativ e RT-PCR, reporter genes,and DNA microar-
rays, usually produce information on changesin the sign of the derivatives of
the concerration variables.

The mismatch betweenthe abstraction levels of the mathematical analysis
and the experimental data calls for a ner partitioning of the phasespace,which
canthen provide the basisfor a more adequateabstraction criterion. Along these
lines, the regular and singular mode domains distinguished above are reparti-
tioned into (hyper)rectangular regions called °ow domains. In the casethat a
mode domain M is regular, it is split by the (nj 1)-dimensional hyperplanes
fx 2 - jxi = Aj(M)g, i 2 [1:n], that intersect with M . Under the samecon-
dition, singular mode domains M are repartitioned by the (nj 1)-dimensional
hyperplanesfx 2 - jx; = A(M9g, M%2 R(M), i 2 [L::n]. The resulting set of
°ow domainsis denoted by D [14]. The partitioning of the phasespaceinto 27
°ow domainsis illustrated for the examplesystemin Figure 3(a). Every °ow do-
main is included in a single mode domain, a relation captured by the surjective
function mode: D! M, de ned asmode(D) = M, i® D u M. Similarly, the
function °ow: - ! D denotesthe surjective mapping that assa@iatesa point in
the phasespaceto its °ow domain: °ow (x) = D, i®x 2 D.

The repartitioning of mode domain M 1! |eads to six °ow domains (Fig-
ure 3(a)). The ner partition guararteesthat in every °ow domain of M %, the
derivatives have a unique sign pattern. In D2, for instance, the x,-derivative
is negative and the xp-derivative is positive, whereasin D3 both deriva-
tives equal zero (in fact, D3 coincideswith A(M 1) and is an equilibrium
point of the system). The above property is true more generally Consider a
point x in a °ow domain D 2 D. We denote by S(x) 2 2fi 108" the set
of derivative sign vectors of the solutions in D passing through x, that is,
S(x) = fsign (2(ty)) j » 2 ¥5 in D; »(tx) = x; and 2(ty) 2 H(»(tx))g. Notice
that the de nition of S asa setis a direct consequencef the use of di®erertial
inclusions. Theorem 1 statesthat S(x) is the samefor every x 2 D.

Theorem 1 (Qualitativ ely-iden tical dynamics in °ow domain). For all
D 2D, forall x;x°2 D, S(x) = S(x9.

The theorem suggestshat the partition of the phasespaceintroducedin this
section can be used as an abstraction criterion better-adapted to the available
experimental data on geneexpression.This ideawill be further dewvelopedin the
next section.

4 Qualitativ e abstraction of the dynamics of PA systems

As a preparatory step, we de ne a continuous transition system having the
samereadability properties asthe original PA system§ . Considerx 2 D and
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Fig. 3. (a) Partition by °ow domains of the phase spaceof the model in Figure 1(b).
(b) State transition graph of the corresponding qualitativ e transition system. For the
sake of clarity, self-transitions are represeried by dots and transition labelsare omitted.
(c) Inequality constraints on parameters for which the graph in (b) is obtained.

x%2 DY where D;D°2 D are °ow domains. If there exists a solution » of §
passingthrough x at time ¢ 2 R o and reacing x° at time ¢°2 Rso [ flg ,
without leaving D [ D%in the time interval [¢; ¢Y, then the absolute cortin uity
of » implies that D and D are either equal or cortiguous. More precisely one of
the three following casesholds: D = D% D 2 @?° or D°2 @ . We consequetly
distinguish three types of corntinuous transition that correspond to these three
casesinternal, denotedby x | x° dimension increasing, denoted by x 97
x % and dimension decreasing, denoted by x di'”f " X0, The latter two terms refer
to the increaseor decreasein dimension when going from D to DC This leads
to the following de nition:

Denition 1 (PA transition system). §-TS = (- ;L;| ;! ;F) is the tran-
sition sytem corresponding to the PA system§ = (- ;£;H), where:

{ - listhe state space;

{ L = fint; dim™*;dim g is a set of labels denoting the three di®eren types
of transitions;

{ ! = fDsign = Sj S 2 2fi L01¢"g s a set of propositions describing the
signsof the derivativesof the concerration variables;

{ ! listhe transition relation describingthe contin uousewolution of the system,
denedby!p - £LE -, sud that x I' x0i® there exists » 2 ¥s and
¢ ¢l suchthat 0- ¢ < ¢% »(¢) = x, »(¢&9 = x° and

2 if | = int, then for all t 2 [¢; ¢9: »(t) 2 °ow (x) = °ow (x9),
2 jf | = dim™*, then for all t 2 (¢; ¢9: »(t) 2 *ow (x°) 6 °ow (x),
2 jf | = dimi , then for all t 2 [¢; ¢9): »(t) 2 “ow (x) 6 °ow (x9);

{ F isthe satisfaction relation of the propositionsin | ,denedby Fu - £] ,

such that x E Dsign= Si® S = S(x).



The satisfaction relation E thus assaiates to ead point x in the phase
spacea qualitativ e description of the dynamics of the system at x. We de ne

i 2 [0:m{1], there exists somel 2 L such that x' ' x*1. It is not ditcult

to shaw that a PA system§ and its corresponding PA transition system§ -TS
have equivalert reachability properties (seeTheorem 2 in [14]).

The continuous PA transition system has an in nite number of states and
transitions, as a consequenceof which corvertional tools for model cheding
cannot be usedto verify properties of the system. However, we can de ne a
discrete transition system, with a "nite number of states and transitions, that
presenes important properties of the qualitative dynamics of the system. In
order to achievethis, weintro ducethe equivalencerelation » . p - £- induced
by the partition D of the phase space:x» . x°% i® °ow(x) = °ow(x%. From
Theorem 1 it followsthat » . is proposition-preserving[17,18], in the sensethat
forall x;x°2 D and for all %42 ! , x F %i®x°F Y

The discrete or qualitative abstraction of a PA transition system8§ -TS, called
gualitative PA transition system is now de ned asthe quotient transition system
of § -TS, given the equivalencerelation » . [17,18].

De nition 2 (Qualitativ e PA transition system). The qualitativ e PA tran-

sition systemcorresponding to the PA transition system8 -TS = (- ;L;| ;! ;F)
iS§-QT5= (' Sn 1|—1: 1‘ » . ;j:», )

Prop osition 1 (Qualitativ e PA transition system). Let§-QTS= (- =,_;L;
I 3! ». E». ) bethe qualitativ e PA transition systemcorresponding to the PA
transition system8§-TS= (- ;L;} ;! ;F). Then

{ - :», = Dl

{1, WUDELED,suhthat D!, DOi®9»2 ¥g:9::¢% 0 ¢ < ¢O

sud that »(¢) 2 D, »(¢9 2 DO and
2 jf | = int, then for all t 2 [¢; ¢9: »(t) 2 D = DY,
2 jf | = dim™*, then for all t 2 (¢;¢9: »(t) 2 D°6 D,
2 jf | = dimi , thenfor all t 2 [¢;¢9: »(t) 2 D 6 D
{ F». W DE | ,sucdhthat D F Dsign= Si®8x 2 D: S(x) = S.

Notice that the transitions labeled by dim* or dim? connecttwo di®erert
°ow domains, sincein Proposition 1 we require that D 6 D% This corresponds
to a continuous ewlution of the system along which it switches from one °ow
domain to another. On the cortrary, the transitions labeled by int correspond
to the corntinuous ewolution of the systemin a single °ow domain. Notice also
that qualitativ e PA transition systemsare non-deterministic.

arun of § -QTS i®for all i 2 [0:m{1], there exists| 2 L sudthat D' 1", Di*t.
The satisfaction relation |, . assa&iatesto every run a qualitativ e description
of the ewolution of the derivatives over time. § -QTS can be represened by a
directed graph G = (D;! , ), calledthe state transition graph. The paths in G



represernt the runs of the system. The state transition graph corresponding to the
two-geneexampleis represetted in Figure 3(b), and (D'1; D?2;D3%2; D42;D41)
is an example of a run.

It directly follows from the de nitions of quotient transition systemand sim-
ulation of transition systems[17,18]that § -QTS is a simulation of § -TS. The
converseis not true in general,sothat § -QTS and § -TS are not bisimilar.

Prop osition 2. 8§ -QTS is a simulation of § -TS.

i 2 [0::m]. In other words, § -QTS is a conservative approximation of § -TS.

In [14] we introduce a secondequivalencerelation »; p | £ j , de ned on
the parameter space of the PA system. Two parameter vectors p and p°
are equivalert, if their corresponding qualitative PA transition systems, and
hencethe state transition graphs, are isomorphic. We show that a certain class
of parameter inequality constraints de ne regionsP p i , such that for every
p;p°2 P, it holds that p »; p° More precisely there exists someQ 2 j =, ,
such that P p1 Q (Theorem 3 in [14]). As a consequencefor all vectors of
parameter values satisfying the inequality constraints, the system has the same
qualitativ e dynamics. Whereas exact numerical values for the parameters are
usually not available, the weaker information required for the formulation of the
inequality constraints can often be obtained from the experimental literature, as
illustrated in Section 5. Figure 3(c) shows the inequality constraints for which
the state transition graph of our exampleis obtained.

The inequality constraints also play a key role in the actual computation of
the qualitativ e PA transition system § -QTS [14]. The computation of § -QTS
is greatly simplied by the fact that the domains D and the focal sets? (M)
are hyperrectangular sets, which allows them to be expressedas product sets,
ie.D=Di£:::£EDpand2(M)=2;(M)E ::: £ 2,(M). As a consequence,
the computation can be carried out for ead dimension separately For instance,
the repartitioning of mode domain D*? into °ow domains (Figure 3(a)) is based
on the fact that the x,-componert [0; |&t) is partitioned into two subsetsby the
segmen x, = 0, and the xp-componert (; maxp] into three subsetshby the
segmen X, = - p,=°,. The product of these subsetsyields the six “ow domains
shawn in the “gure. Notice alsothat, in orderto derivethis result, we only needto
know the ordering of i} and - ,=°, in the x,-dimension, and that of u, and - p=°y,
in the xp-dimension, which are "xed by the inequality constraints in Figure 3(c).
This result is true more generally and alsoappliesto the transition relation ! ,, .
and the satisfaction relation |, . That is, the domains, the transitions, and
the sign pattern of the derivatives can be straightforwardly derived by means
of symbolic computation using the inequality constraints. The algorithms are
described in more detail in [14] and have beenimplemerted in a hew prototype
version of the computer tool GNA [12]. The state transition graph generatedby
GNA can be exported to standard model-cheding tools like NuSMV and CADP
[22].



5 Application: qualitativ e analysis of nutritional stress
response in E. coli

In caseof nutritional stress,an Escherichia coli population abandonsexponertial
growth and ernters a non-growth state called stationary phase This growth-phase
transition is accompaniedby numerous physiological changesin the bacteria,
concerningamong other things the morphology and the metabolism of the cell,
aswell asgeneexpression[19]. On the molecular level, the transition from expo-
nential phaseto stationary phaseis cortrolled by a complex genetic regulatory
network integrating various ervironmental signals. The molecular basis of the
adaptation of the growth of E. coli to nutritional stress conditions has been
the focus of extensive studies for decades[20]. However, notwithstanding the
enormousamount of information accunulated on the genes,proteins, and other
moleculesknown to be involved in the stressadaptation process,there is cur-
rently no global understanding of how the responseof the cell emergesfrom the
network of molecular interactions. Moreover, with some exceptions, numerical
valuesfor the parameterscharacterizing the interactions and the molecular con-
certrations are absen, which makesit dixcult to apply traditional methods for
the dynamical modeling of genetic regulatory networks.

Signal

| S
J L GyrAB J '_'_|7 j C\AMP‘CRP Activation |+— Cya 1

° gyrAB l V= — o Fis W cya P2PLPL

R
Y
L CRP

Supercoiling|
[
P1 P2 crp Fis Syrthesis of protein Fis
ﬁ T l JP_?Q S

TopA stable RNAs - - Activation

P1 topA PL P2 m T Inhibition

Abstract description of
Hl:l a set of interactions

Fig. 4. Network of key genes, proteins, and regulatory interactions involved in the
nutritional stress network in E. coli. The contents of the boxes labelled "Activ ation'
and “Supercoiling' are detailed in [21].

The above circumstanceshave motivated the qualitativ e analysis of the nu-
tritional stressresponsenetwork in E. coli by meansof the method presened
in this paper [21]. On the basis of literature data, we have decidedto focus, as
a rst step, on a network of six genesthat are believed to play a key role in
the nutritional stressresponse(Figure 4). The network includes genesinvolved
in the transduction of the nutritional stresssignal (the global regulator crp and
the aderylate cyclasecya), metabolism (the global regulator "s), cellular growth
(the rrn genescoding for stable RNAs), and DNA supercoiling, an important
modulator of geneexpression(the topoisomerasetopA and the gyrasegyrAB).

Basedon this information, a PADE model of sewen variables has been con-
structed, one protein conceriration variable for ead of the six genesand one



input variable (usignai ) represering the presenceor absenceof a nutritional
stress signal [21]. As an illustration, the piecewise-atne di®ererial equation
and the parameter inequality constraints for the state variable xpa are given
below.
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0< - topA = topA < Miopa < Mopa < MHeopa < ( topA T topA )_ topA < MaXtopa

The above equation and inequalities state that the basal expressionof topA is
low (- fopa ="topa < Hopa ), Whereasin the presenceof a high conceriration of Fis
(s" (x5 ;) = 1), and of a low level of DNA supercoiling (s* (Xgyrag ;ugyrAB )
S' (Xtopa ;utlopA) = 1), the conceriration of TOpA increases,corverging towards
a high value ((- {opoa + * Hpa )="1opa > Hipa )-

Using the computer tool GNA, we have performed reachability analyseson
the qualitative PA transition system assaiated with the PADE model. The
simulation of the entry into stationary phasehas givenrise to a state transition
graph of 712 states, computed in 5.0s on a PC (800MHz, 256Mb). Figure 5
represers the temporal ewlution of two of the protein concerrations in a run.
The ewlutions are consistert with the obsenations [21]. The coupling of GNA
with model-chedking tools [22] has allowed a more systematic veri cation of
obsened dynamical properties.
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Fig. 5. Temporal evolution of Fis and CRP concertrations in the run (D?;:::;D3).

Arrows indicate the sign of the derivativ e for persistent states.

The application of the method hasled to newinsights into how the nutritional
stress signal results in the slowing-down of bacterial growth characteristic for
the stationary phase[21]. In summary, the analysis has brought to the fore
the role of the mutual inhibition of Fis and CRP, which in the presenceof a
nutritional stresssignal results in the inhibition of s and in the activation of
crp. This causesa decreaseof the expressionof the rrn genes,which code for
stable RNAs and are a reliable indicator of cellular growth. In addition to this
increasedunderstanding of the transition from exponertial to stationary phase,
the model has yielded predictions on the occurrence of oscillations in some of
the protein concerirations after a nutrient upshift, predictions that are currently
being tested in our laboratory. The scope of our study is now being enlargedto
more complex nutritional stressresponsenetworks.



The analysis of the nutritional stressresponsein E. coli has con rmed the
utilit y of the re ned qualitativ e abstraction preseried in this paper. Reparti-
tioning the mode domains, suc that the sign patterns of the derivatives of the
conceriration variablesin the states of the qualitativ e PA transition systemare
unique, avoids veri cation of dynamical propertiesto be over-consenative. Con-
sider Figure 6, which comparestwo-dimensional projections of a phase-space
slice of the stressresponse model. Depending on whether mode domains or
°ow domains are used as the abstraction criterion, the state transition graph
will be di®erent (compare (d) and (e) of Figure 6). Whereasthe CTL formula
EF (Xep > 0" EF (Xerp < 0)) holds for the graph in (d), this is not true in (e),
thus revealing that the coarse-grainedabstraction may causemodelsto escape
refutation by available experimertal data.
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Fig. 6. (a) Two-dimensional projection of a slice of the phase space of the E. coli
stressresponsemodel for the variables xcp and Xeya . (b)-(c) Partitioning into (b) mode
domains and (c) °ow domains of the projection. (d)-(e) Excerpts of state transition
graph resulting from the qualitativ e abstraction based on (d) mode domains and (e)
°ow domains.

The application of the "ne-grained qualitativ e abstraction to the nutritional
stressresponsesystemhasalsorevealedthat it is not much more computationally-
expensive than the coarse-grainedabstraction usedin our previouswork. In fact,
when analyzing the transition from exponertial to stationary phase,the re ned
abstraction generates712 persistert states, whereasthe original qualitative PA
transition system has 39 persistert states. However, when de ning a single ini-
tial state, corresponding to the biologically most plausible °ow domain after
repartitioning of the mode domain, the re ned abstraction yields only 40 per-
sistert states. A more systematic study of a PADE model with nine state and
two input variables, describing the initiation of sporulation in B. subtilis for the
wild-type and a dozen of mutant strains, con rms this result. On average, the
re ned abstraction generatesonly twice as much states, under the condition that
the readhability analysisis carried out from a single °ow domain.



6 Discussion and conclusions

We have preseried a method for the qualitativ e analysis and veri cation of hy-
brid models of genetic regulatory networks. The method is based on a class
of piecewise-atne di®erertial equation models that has been well-studied in
mathematical biology. By de ning a qualitativ e abstraction preservingthe sign
pattern of the derivatives of concerration variables, the cortinuous PA tran-
sition system assaiated with a PADE model is transformed into a discrete or
qualitativ e PA transition systemwhoseproperties can be analyzed by meansof
classicalmodel-cheding tools. The qualitative PA transition is a simulation of
the underlying continuous PA transition systemand can be easily computed in
a symbolic manner by exploiting inequality constraints on the parameters.

The results of this paper extend our previous work [4,11] in two directions.
In the “rst place, we have de ned a re ned partitioning of the phase space
which underlies a qualitativ e abstraction preserving stronger properties of the
qualitativ e dynamics of the system, i.e. the derivative sign pattern. The result-
ing qualitativ e PA transition systemis better adapted to the abstraction level
of the experimental data, in the sensethat it avoids veri cation of dynamical
properties to be over-consenative. In the secondplace, we have applied the im-
plemertation of the method to the analysis of a system whose functioning is
not well-understood by biologists today, the nutritional stressresponsein the
bacterium E. coli. The application hasled to biologically interesting results and
has con rmed the importance of the re ned qualitativ e abstraction.

The hybrid character of the dynamicsof geneticregulatory networks hasstim-
ulated the interest in the application of hybrid-systems methods and tools over
the past few years[3{7]. Our approac di®ersfrom this related work on se\eral
counts. Whereaswe usepiecewise-atnedeterministic models, other groups have
employed multi-atne deterministic models[3, 7] or stochastic models [6]. With-
out derying the interest of the latter approaces,we note that the classof models
underlying our approac allows the qualitativ e analysis of high-dimensional sys-
tems, and is therefore well-adapted to state-of-the-art measuremen techniques
in molecular biology. The PADE models (1) in this paper have beenwell-studied
in mathematical biology [1,2], and have also formed the basis for other work
in the "eld of hybrid systems[5]. However, the latter approac does not take
into accourt the dynamics of the system on threshold hyperplanes,where equi-
librium points and other phenomenaof interest may occur [16]. In addition, we
usea tailored method for the computation of a qualitativ e PA transition system,
instead of the genericquanti er elimination method usedin [5]. This allows us
to fully exploit the favorable mathematical properties of the PADE models (1),
and thus promote the upscalability of the method to large and complex networks
(Section 5), even when using a ne-grained partitioning of the phasespace.

From a more general perspective, our approach can be seenas an applica-
tion of the notion of discrete abstraction, introduced to study the dynamics of
systemswith an in"nite  number of states [17,18]. Much work has focused on
the identi cation of classesof continuous and discrete dynamical systems for
which bisimulation relations with "nite transition systemsare guaranteed to ex-



ist. The results of this paper can be seenas shawing that the weaker simulation
relation may also be of considerablepractical interest, especially for classesof
systemsfor which the existenceof a "nite bisimulation cannot be guaranteed.
Discrete abstraction criteria similar to the one usedin this paper, basedon the
sign of the (higher) derivativesof continuous variables, have also beenproposed
by other authors in the "elds of hybrids systems[23] and qualitativ e reasoning
[24]. In comparisonwith these approades, our work deals with a lessgeneral
class of models. Howeer, this allows the dewelopmert and implementation of
ezxcient, tailored algorithms for the practical computation of the qualitativ e dy-
namics of the system, even on (intersections of) threshold hyperplanes, where
discortin uities may occur.

The possibility to use excient algorithms for the computation of the quali-
tativ e PA transition systemrests,to a large extent, on the approximation of the
setK (x) in (4) by the setH (x) in (5). Becausethe latter setis hyperrectangu-
lar, the computation of domains, transitions, and sign patterns can be carried
out seperately in every dimension, using the ordering of parameter values xed
by inequality constraints. BecauseH (x) is an overapproaximation of K (x), the
state transition graph may contain sequence®f states that would not occur in
the graph obtained by using K (x). As a consequencea PADE model may fail
to be rejected by an obsened time-seriesof measuremets of the concerration
variables. Howewer, due to the fact that the approximation of H(x) by K (x)
is consenative, a PADE model will never be falsely rejected. An obvious direc-
tion for further researd would be to seewhether ner approximations of H (x)
can be found that still allow tailored symbolic algorithms to be usedthat do
not compromisethe upscalability of the method to large and complex genetic
regulatory networks.

References

1. Glass, L., Kau®man, S.: The logical analysis of contin uous non-linear biochemical
control networks. J. Theor. Biol. 39 (1973) 103{129

. Thomas, R., d'Ari, R.: Biological Feedbak. CRC Press (1990)

3. Belta, C., Finin, P., Habets, L., Halfsz, A., Imielinski, M., Kumar, V., Rubin,
H.: Understanding the bacterial stringent response using reachabilit y analysis of
hybrid systems. In Alur, R., Pappas, G., eds.: Proc. HSCC 2004. LNCS 2993,
Springer (2004) 111{125

4. deJong, H., Gouz#, J.L., Hernandez, C., Page,M., Sari, T., Geiselmann, J.: Hybrid
modeling and simulation of genetic regulatory networks: A qualitativ e approach.
In Pnueli, A., Maler, O., eds.: Proc. HSCC 2003. LNCS 2623, Springer (2003)
267{282

5. Ghosh, R., Tomlin, C.: Symbolic reachable set computation of piecewise atne
hybrid automata and its application to biological modeling: Delta-Notc h protein
signalling. Syst. Biol. 1 (2004) 170{183

6. Hu, J., Wu, W.C., Sastry, S.: Modeling subtilin production in B. subtilis using
stochastic hybrid systems. In Alur, R., Pappas, G., eds.: Proc. HSCC 2004.LNCS
2993, Springer (2004) 417{431

N



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

. Asarin, E., Dang, T.: Abstraction by projection and application to multi-atne

systems. In Alur, R., Pappas, G., eds.: Proc. HSCC 2004. LNCS 2993, Springer
(2004) 32{47

. Lygeros, J., Pappas, G., Sastry, S.: An introduction to hybrid system modeling,

analysis, and control. Preprints of 1st Nonlinear Control Network Pedagogical
School, Greece(1999)

. Antsaklis, P., Koutsoukos, X.: Hybrid dynamical systems: review and recert

progress. In Samad, T., Balas, G., eds.: Software-enabled Control: Information
Tednologies for Dynamical Systems. Wiley-IEEE Press (2003)

de Jong, H.: Modeling and simulation of genetic regulatory systems: A literature
review. J. Comput. Biol. 9 (2002) 69{105

de Jong, H., Gouz§, J.L., Hernandez, C., Page,M., Sari, T., Geiselmann, J.: Qual-
itativ e simulation of genetic regulatory networks using piecewise-linear models.
Bull. Math. Biol. 66 (2004) 301{340

de Jong, H., Geiselmann, J., Hernandez, C., Page, M.: Genetic Network Analyzer:
Qualitativ e simulation of genetic regulatory networks. Bioinformatics 19 (2003)
336{344

de Jong, H., Geiselmann, J., Batt, G., Hernandez, C., Page, M.: Qualitativ e sim-
ulation of the initiation of sporulation in B. subtilis. Bull. Math. Biol. 66 (2004)
261{300

Batt, G., de Jong, H., Geiselmann, J., Page, M., Ropers, D., Schneider, D.: Sym-
bolic reachabilit y analysis of genetic regulatory networks using qualitativ e abstrac-
tion. Tedhnical report RR-5362 INRIA (2004)

Filipp ov, A.: Di®erertial Equations with Discontin uous Righthand Sides. Klu wer
Academic Publishers (1988)

Gouz®, J.L., Sari, T.. A classof piecewiselinear di®erertial equations arising in
biological models. Dyn. Syst. 17 (2002) 299{316

Alur, R., Henzinger, T., La®erriere, G., Pappas, G.: Discrete abstractions of hybrid
systems. Proc. IEEE 88 (2000) 971{984

Chutinan, A., Krogh, B.: Veri cation of in nite-state dynamic systems using ap-
proximate quotient transition systems. IEEE Trans. Automat. Contr. 46 (2001)
1401{1410

Huisman, G., Siegele,D., Zambrano, M., Kolter, R.: Morphological and physi-
ological changes during stationary phase. In Neidhardt et al. eds.: E. coli and
Salmonella: Cellular and Molecular Biology. ASM Press (1996) 1672{1682.
Hengge-Aronis, R.: The general stressresponsein E. coli. In Storz, G., Hengge-
Aronis, R., eds.: Bacterial StressResponses. ASM Press (2000) 161{177

Ropers, D., de Jong, H., Page, M., Schneider, D., Geiselmann, H.: Qualitativ e
simulation of nutritional stress response in E. coli. Tednical Report RR-5412
(2004), submitted for publication

Batt, G., Bergamini, D., de Jong, H., Gavarel, H., Mateescu, R.: Model cheding
genetic regulatory networks using GNA and CADP. In Graf, S., Mounier, L., eds.:
Proc. SPIN 2004.LNCS 2989, Springer (2004) 158{163

Tiwari, A., Khanna, G.: Seriesabstractions for hybrid automata. In Tomlin, C.,
Greenstreet, M., eds.: Proc. HSCC 2002. LNCS 2289, Springer (2002) 465{478
Kuip ers, B.: Qualitativ e Reasoning: Modeling and Simulation with Incomplete
Knowledge. MIT Press (1994)



