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Abstract

In this paper, the questionof bi-similarity betweenhybrid
systemsandtheir discretequotientsis studiedfrom a new
point of view. We considertwo classesof hybrid systems:
piecewise af�ne hybrid systemson simplicesand piece-
wisemulti-af�ne systemson multi-dimensionalrectangles.
Given a �x ed partition of the statespace,we derive suf�-
cientconditionson thevaluesof thevector�elds at thever-
ticesof the polytopes,in orderthat the constructedhybrid
systemis bi-similar with its correspondingdiscretequo-
tient transitionsystem. The resultsare basedon the fact
thataf�ne vector�elds onsimplicesandmulti-af�ne vector
�elds on rectanglesareuniquelydeterminedby their values
at the vertices. In this way, an interestingclassof decid-
ablehybrid systemsis determined.Theresultis appliedto
amotionplanningproblemfor planarrobots.

1 Intr oduction

Systemsthatconsistof acombinationof continuousdynam-
icsanddiscreteeventsarecalledhybridsystems[1, 2, 3, 4].
Continuousprocessescontrolledby digital controllersare
examplesof suchsystems.In additionto discontinuitiesin-
troducedby the computer, mostphysical processesexhibit
discretedynamicsdue to the action of elementsranging
from valves,gearsandswitchesin electro-mechanicalsys-
temsto transcriptionalregulatorsin geneticandmetabolic
networks. Hybrid systemsare used as main modeling
framework in a large numberof areassuchas automated
highway systems,air-traf�c managementsystems,embed-
dedautomotive andavionic controllers,manufacturingsys-
tems,robotics,geneticand metabolicnetworks, real-time
communicationnetworks, and real-timecircuits. Formal
veri�cation is a very importantissueduringsystemdesign.
The goal of formal veri�cation is to prove that the system
performsasexpected.As theautomatedsystemsaregrow-
ing in scaleandcomplexity, thepossibilityof subtleerrors
becomesmuchlarger. As aresult,it is crucialto ensurethat

thesystemis alwayssafe.

Formal analysisis concernedwith reachability analysis,
whichis theproblemof determiningthesetof statesreached
byasystemstartingfromagiveninitial set,andsafetyveri�-
cation, which is theproblemof formally proving thatasys-
temdoesnothaveany trajectoriesconnectingtwo givensets
of states.A classof problemslike theonesde�ned above is
calleddecidable, if thereexists a computationalprocedure
that can decide,in a �nite numberof steps,whetherany
systemin the classveri�es any propertyin the class. For
purely discretesystemsdescribedby �nite statemachines,
decidability is an easytask, sinceit can be performedby
exhaustively searchingthestateset.For hybrid andcontin-
uoussystems,decidabilityis animportantissuebecausethe
numberof statesin acontinuousstatesetis uncountable.

In this paper, we considera particularcaseof hybrid sys-
tems,that consistof speci�c dynamics(vector �elds), de-
�ned in non-overlappingregionsof the statespace,called
invariants. The decidability of suchhybrid systemswith
givenvector�elds andgiven invariantsis an importantbut
dif�cult problem,thatisnotsolvedin thispaper. Instead,we
prove the decidabilityof a certainclassof hybrid systems
with prescribedinvariants,but with arbitraryvector �elds,
restrictedto acertainclass.In otherwords,giventheinvari-
ants,we wantto constructvector�elds sothattheresulting
hybrid systemis decidable.This reverseengineeringpro-
cedureis suggestedby robotic motion planningproblems,
wherea partition of the taskspaceis naturally inducedby
the positionandsizeof obstacles,and initial andgoal re-
gions,andvector�elds have to be assignedto eachof the
regionsso that the robotsmove from the initial to the �nal
region while avoiding theobstaclesandobservingvelocity
bounds.The decidabilityof the correspondinghybrid sys-
temsreducesthemotionplanningproblemto a searchon a
�nite graph.

We focus on two classesof hybrid systems: triangular
af�ne systems,i.e., hybrid systemswith triangularinvari-
antsandaf�ne dynamics,andrectangularmulti-af�ne sys-



tems,which arehybrid systemswith rectangularinvariants
and multi-af�ne dynamics. Thereare several reasonsfor
our choiceof theseclassesof systems.First, givena poly-
hedralstateset, triangulationandrectangularpartition are
themostattractive proceduresfor partitioning[5]. Second,
af�ne vector �elds are largely encounteredin practice,as
linearizationof nonlinearsystemsaroundoperatingpoints
(not necessarilyequilibria). Third, nonlinearmulti-af�ne
dynamicsareusedin modelsof biochemicalnetworks [6],
the celebratedEuler, Volterra [7], and Lotka-Volterra [8]
equations.The applicationsof theseequationsrangefrom
control of spacecraftandunderwatervehicles[9] to mod-
eling competitionandselectionprocessesin economyand
chemicalnetworks. Moreover, af�ne systemson simplices
andmulti-af�ne systemson(multi-dimensional)rectangles,
have somevery interestingproperties[10, 6] that can be
usedin the study of decidability for hybrid systemswith
suchdynamicsandinvariants.

For thesetwo classesof hybrid systems,we show that, if
the triangularor rectangularinvariantsaregiven, the exis-
tenceof af�ne or multi-af�ne dynamicsrenderingthecorre-
spondinghybridsystemsdecidablecanbeguaranteedby the
nonemptinessof several polyhedralsets. We alsoprovide
formulasfor the constructionof the vector �elds. These
resultsarebasedon thefactthataf�ne vector�elds onsim-
plices and multi-af�ne vector �elds on multi-dimensional
rectanglesare uniquely determinedby their valuesat the
vertices.Thevaluesatall otherpointsareconvex combina-
tionsof thevaluesat thevertices.

The paperis organizedas follows. In Section2, we give
de�nitions of hybrid systems,discretequotients,andintro-
ducetheideaof simulationandbi-simulation.Theproblem
is formulatedin Section3. Af�ne hybrid systemswith trian-
gularinvariantsaretreatedin Section4 andmulti-af�ne sys-
temswith rectangularinvariantsin Section5. An example
of motiongenerationfor a groupof robotsusingdecidable
triangularaf�ne systemsis given in Section6. The paper
endswith conclusionsand�nal remarksin Section7.

2 Bi-similar discreteabstractionsfor hybrid systems

Formally, ahybrid system[11, 12] is de�ned asa tuple

H S = (X ; L; X 0; I ; f ; T); (1)

whereX µ IRN , N 2 IN is the continuousstatespace,L
is a �nite setof locations(alsocalledmodes),X = L £ X
is the overall statespaceof the system,(l ; x) 2 L £ X
denotesits state,X 0 µ X is thesetof initial states,I is the
invariant,which assignsto eachlocationl 2 L aninvariant
set I (l ) µ X , f : L ! (X ! TX ) is a mappingthat
speci�esthecontinuous�o w (vector�eld) in eachlocation,
andT ½ L £ X £ L is asetof discretetransitions.Motivated

by roboticmotionplaningproblems,we considera special
caseof (1), wherethe invariantsI (l ) arenon-overlapping
polyhedralregionsin IRN . In particularwe assumethat if
the intersectionI (l i ) \ I (l j ) of two polyhedralregions is
nonempty, thenit is a commonfaceof I (l i ) andI (l j ). In
this case,a transitionT from l i to l j occurswhena statex
�o ws throughtheboundarybetweenI (l i ) andI (l j ).

The main idea in formal analysisis to be able to mapthe
trajectoriesof a hybrid systemto trajectoriesof a discrete
system,i.e., to transforma problemwith an uncountable
numberof statesto a decidableproblemwith �nitely many
states,that is equivalent to the �rst as far as reachability
propertiesareconcerned.This procedureis calledabstrac-
tion.

The discretequotienttransitionsystemDS for the hybrid
systemH S de�ned in (1) is a tuple

DS = (L; L 0; t); (2)

whereL is the setof locationsfrom the de�nition of H S,
L 0 is the setof discreteinitial statescorrespondingto X 0,
andt µ L £ L is thesetof transitionsde�ned asfollows:
thereexistsa transitiont = (l ; l0) if andonly if thereexists
x 2 X sothat(l ; x; l0) is a transitionT of H S.

Fromthis de�nition of DS, it is obviousto seethatthedis-
cretequotientsystemDS canreacheverythingthattheini-
tial hybrid systemcanreach,andcanthereforebeusedfor
conservative reachabilityanalysis,i.e., to constructover-
approximationsof the reachablesetsof H S. We saythat
DS simulatesH S. However, the converseis in general
not true. Indeed,it is easyto imaginethat therearesitu-
ationsin which DS hastrajectoriesthatdo not correspond
to trajectoriesof H S. Thiscanhappenwhendifferentinitial
statesin anarbitrarylocationI (l ) have differentproperties
with respectto the reachabilityof the neighboringregions
of I (l ). Onesuchsituationcorrespondsto the casewhen
someinitial statesin I (l ) stayinsideI (l ), while othersleave
I (l ), which makesH S andDS not equivalentwith respect
to reachabilityof neighbors.Anothersituationcorresponds
to the casewhendifferent initial statestransit to different
neighborsof I (l ). EventhoughH S andDS areequivalent
with respectto reachabilityof neighborsof I (l ) (provided
thatno statesstayinsideI (l ) forever), theconservativeness
appearswhile constructingthediscretequotientoverseveral
invariants. An illustration of this ideais given in Figure1
(a),wherethediscretetrajectoryl1 ! l2 ! l3, whichexists
becauseof the de�nition of the discretequotient,doesnot
imply thatthereis atrajectoryof H S passingthroughI (l1),
I (l2), andI (l3). Thedegreeof conservativenessincreases
with the dimensionof the problem. This situationcanbe
eliminatedthroughre�ned partitioning,asshown in Figure
1 (b). If suchan iterative re�nementprocedureterminates,
i.e., producesa discretequotientwith at most one transi-
tion from eachdiscretestate,with theguaranteethatall ini-
tial statesin thecorrespondinginvariant�o w in �nite time
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Figure 1: Thebi-simulationalgorithmis an iterative re�nementof partition,which terminatesif, in thediscretequotient,thereis at most
onetransitionfrom eachstate:(a)D S simulatesH S but H S doesnotsimulateD S and(b) D S andH S arebi-similar.

to the correspondingneighbor, H S andDS arecalledbi-
similar, i.e., they areequivalentwith respectto reachability
properties.The bi-simulationrelationwas�rst introduced
in [13, 14], formally de�ned for linear control systemsin
[15], and for nonlinearsystemsin an abstractcategorical
context in [16].

In [17], it hasbeenshown that reachabilityis undecidable
for averysimpleclassof hybrid systems.Severaldecidable
classeshavebeenidenti�ed thoughby restrictingthecontin-
uousbehavior of thehybrid system,asin thecaseof timed
automata[18], multirate automata[19], [20], and rectan-
gularautomata[17], [21], or by restrictingthediscretebe-
havior, asin order-minimalhybrid systems[22, 23, 24]. All
thesedecidableclassesaretooweakto representcontinuous
andhybrid systemmodelsthatarisein practice.Thenone
might be satis�ed with suf�cient abstractions,as the dis-
cretequotientsystemde�ned by (2). But even �nding the
discretequotientis not at all trivial. Relatedwork focuses
onpartitioningusinglinearfunctionsof thecontinuousvari-
ables,asin themethodof predicateabstractions[25, 26], or
usingpolynomialfunctionsasin [26, 27]. However, to de-
rive the transitionsof the discretequotient,onehasto be
ableto eitherintegratethevector�elds of theinitial system
[25], or usecomputationallyexpensive decisionprocedures
suchasquanti�er eliminationfor realclosed�elds andthe-
oremproving [26], which seriouslylimits thedimensionof
theproblemsthatcanbesolvedin oneof theseways.

3 Problemformulation

As statedin the Introduction,we will not addressthe de-
cidability of hybrid systemswith given vector �elds and
invariantsin general,but rathercharacterizea classof de-

cidablehybrid systemswith giventriangularor rectangular
invariantsandarbitraryaf�ne or multi-af�ne vector �elds.
In otherwords,for thesetwo classesof systems,given the
invariantsI (l ), l 2 L , we want to constructvector �elds
f l so that the resultinghybrid systemH S (1) is bi-similar
with its discretequotientDS (2). Moreover, motivatedby
robotic motion planningproblems,we imposepolyhedral
boundsfor thevector�elds:

Problem1 Considera polyhedral region X of IRN with a
giventriangulationor rectangularpartition I (l ), l 2 L . Let
U be a polyhedral subsetof IRN . Characterizea classof
hybridsystemsH S with af�ne or multi-af�ne dynamicsf l :
I (l ) ¡ ! U, that are guaranteedto be decidablewithout
further re�nementof the�xed partition I (l ), l 2 L .

4 Triangular af�ne hybrid systems

Let N 2 IN andconsiderN + 1 af�nely independentpoints
v1; : : : ; vN +1 in the EuclideanspaceIRN , i.e., thereexists
no hyperplaneof IRN containingv1; : : : ; vN +1 . Then the
simplex SN with verticesv1; : : : ; vN +1 is de�ned as the
convex hull of v1; : : : ; vN +1 :

SN = f x 2 IRN j x =
N +1X

i =1

¸ i vi ;
N +1X

i =1

¸ i = 1; ¸ i ¸ 0g

(3)

For i 2 f 1; : : : ; N + 1g, theconvex hull of f v1; : : : ; vN +1 gn
f vi g is a facetof SN andis denotedby Fi . Let ni denote
thecorrespondingunit outernormalvector.

For m 2 IN, let f : IRN ! IRm be an arbitrary af�ne



function
f (x) = Ax + b; (4)

with A 2 IRm £ N andb 2 IRm . Thenwehave:

Lemma 2 Theaf�ne function(4) is uniquelydeterminedby
its valuesf (vi ) = gi , i = 1; : : : ; N + 1at theverticesofSN .
Moreover, therestrictionof f to SN is a convex combination
of its valuesat theverticesandis givenby:

f (x) = GV ¡ 1
·

x
1

¸
; x 2 SN (5)

where
G = [ g1 : : : gN +1 ] (6)

and

V =
·

v1 : : : vN +1

1 : : : 1

¸
(7)

arem £ (N + 1) and(N + 1) £ (N + 1) realmatrices.

Proof:

Sincev1; : : : ; vN +1 areaf�nely independent,v2 ¡ v1; v3 ¡
v1; : : : ; vN +1 ¡ v1 arelinearly independent,andtherefore,
constitutea basisof IRN . An immediateconsequenceis
that, for a given x 2 SN , the ¸ i 's from (3) are uniquely
de�ned andgivenby:

2

6
4

¸ 1
...

¸ N +1

3

7
5 = V ¡ 1

·
x
1

¸
;

whereV is de�ned by (7) andis easilyseento be nonsin-
gular sincev2 ¡ v1; v3 ¡ v1; : : : ; vN +1 ¡ v1 are linearly
independent.Indeed,

detV = det
·

v1 v2 ¡ v1 : : : vN +1 ¡ v1

1 0 : : : 0

¸

= (¡ 1)N +2 det
£

v2 ¡ v1 : : : vN +1 ¡ v1
¤

Let f (vi ) = gi , i = 1; : : : ; N + 1. For any x 2 SN , there
exist unique¸ i ¸ 0,

P N +1
i =1 ¸ i = 1 sothatx =

P N +1
i =1 ¸ i vi

andwehave

f (x) = f (
N +1X

i =1

¸ i vi ) = A
N +1X

i =1

¸ i vi + b

= A
N +1X

i =1

¸ i vi + b
N +1X

i =1

¸ i

=
N +1X

i =1

¸ i (Av i + b) =
N +1X

i =1

¸ i gi

= [ g1 : : : gN +1 ]

2

6
4

¸ 1
...

¸ N +1

3

7
5

= [ g1 : : : gN +1 ]V ¡ 1
·

x
1

¸
(8)

andtheLemmais proved.

Remark 3 Therestrictionof an af�ne functionf to a facet
Fi of SN (i.e. Fi itself is a simplex in IRN ¡ 1) is af�ne and
for anyx 2 Fi , f (x) is a convex combinationof thevalues
of f at theverticesof Fi .

Proposition4 Let w 2 IRm andd 2 IR. ThenwT f (x) >
d everywhere in SN if and only if wT f (vi ) > d, i =
1; : : : ; N + 1.

Proof: The necessityfollows immediatelyfrom the fact
that the verticesv1; : : : ; vN +1 belong to SN . For suf�-
ciency, for any x 2 SN wehave:

wT f (x) = wT f (
N +1X

i =1

¸ i vi ) = wT
N +1X

i =1

¸ i f (vi )

N +1X

i =1

¸ i wT f (vi ) > d
N +1X

i =1

¸ i = d

It is easyto seethattheresultof Proposition4 remainsvalid
if > is replacedby ¸ , = , < , · . Also, it is obvious that
Proposition4 remainsvalid if f is restrictedto a facetF i .

Remark 5 Af�ne functions(4) de�ned on general full di-
mensionalpolytopesPN are still convex combinationsof
their valuesat theverticesandProposition4 remainsvalid
by just replacingSN with PN . However, theconvex combi-
nationsare not uniqueandexpression(5) for theconstruc-
tion of the af�ne functioncannotbe used,unlessthe poly-
tope is triangulized,and (5) can be usedin each simplex
(see[10]).

In the restof this section,we will restrictour attentionto
af�ne functions(4) with m = N de�ned on a simplex SN

and with valuesin a polyhedralsubsetU of IRN , i.e., to
af�ne vector�elds with polyhedralbounds:

_x = f (x); f : SN ! U µ IRN (9)

Proposition6 For any i = 1; : : : ; N + 1, and any initial
statein SN , there is notrajectoryof (9) leavingSN through
Fi if and only if nT

i f (vj ) · 0, for all j = 1; : : : ; N + 1,
j 6= i .

Proof: For suf�ciency, nT
i f (vj ) · 0, for all j =

1; : : : ; N + 1, j 6= i impliesnT
i f (x) · 0, for all x 2 Fi , and

thereforethesystemcannotcrossfacetF i . Thenecessityis
easilyprovedby contradiction.Supposethat thereexistsa



vertex vk , k = 1; : : : ; N + 1, k 6= i so thatnT
i f (vk ) > 0,

then,by continuityof f , thereexistsa wholeneighborhood
aroundvk wherenT

i f (vk ) > 0, andthereareinitial states
in thisneighborhoodthatleave SN throughFi .

Proposition6 canbe usedto provide a characterizationof
therequirementthatanaf�ne systemcaneitherstayinside
a simplex forever, or drive all initial statesin a simplex
througha desiredfacet(i.e., to a neighbor)in �nite time.
If oneof theseconditionsis satis�ed in all invariantsof a
triangularaf�ne hybrid systemH S , this hybrid systemis
bi-similar with its discretequotienttransitionsystemDS,
andthereforeit is guaranteedthatH S is decidable.

Speci�cally, the af�ne system (9), (4) starting in
SN will never leave SN if and only if there exist
f (v1); : : : ; f (vN +1 ) 2 U so that for all i = 1; : : : ; N + 1
we have nT

i f (vj ) · 0, for all j = 1; : : : ; N + 1, j 6= i .
Theseconditionscanbe equivalently formulatedas feasi-
bility checksat thevertices:

Proposition7 There exists an af�ne vector �eld on SN

whosetrajectoriesnever leaveSN if andonly if thefollow-
ing N + 1 polyhedral setsarenonempty:

Uj = U
\

f g 2 IRN jnT
i g · 0; i = 1; : : : ; N + 1; i 6= j g

(10)
j = 1; : : : ; N + 1.

Also, it canbe shown [10] that the af�ne vector �eld (9),
(4) drivesall initial statesin thesimplex SN througha facet
Fi , i = 1; : : : ; N + 1 in �nite time if andonly if thereexist
g1; : : : ; gN +1 2 U sothat(1) nT

i gj > 0 for j = 1; : : : ; N +
1, and(2) nT

k gj · 0 for all k; j = 1; : : : ; N + 1 with k 6= i ,
andj 6= k. As before,theseconditionscanbeequivalently
formulatedat theverticesasfollows:

Proposition8 Thereexistsanaf�ne vector�eld (9) driving
all initial statesin the simplex SN throughthe facetFi in
�nite timeif andonly if thefollowingsetsarenonempty:

Ui = U
\

f g 2 IRN jnT
j g · 0; (11)

j = 1; : : : ; N + 1; j 6= i and nT
i g > 0g; (12)

Uj = U
\

f g 2 IRN jnT
i g > 0 and (13)

nT
k g · 0 for all k = 1; : : : ; N + 1; k 6= j ; k 6= ig (14)

for all j = 1; : : : ; N + 1, j 6= i .

If one of the sets from Propositions7 or 8 is empty,
then there is no af�ne vector �eld in SN satisfying the
correspondingproperty. If they are all nonempty, then
any choice of gi 2 Ui , i = 1; : : : ; N + 1 will give a

valid af�ne vector �eld by formula (5). Indeed,for every
x 2 SN , we know that f (x) is a convex combinationof
g1; : : : ; gN +1 2 U. Hence,f (x) is containedin the con-
vex hull of g1; : : : ; gN +1 , which is thesmallestconvex set
containingg1; : : : ; gN +1 , andthereforeincludedin U. So
thevector�eld is boundedeverywherein thesimplex asre-
quired.

Propositions7 and8 provideasolutionto Problem1 for the
caseof triangularaf�ne systems.

Theorem9 Let I (l ), l 2 L bea givensetof triangular in-
variantsbelongingto a hybrid systemH S. Let U ½ IRN

be a polyhedral set. If for every l 2 L there existsa vec-
tor �eld f l : I (l ) ¡ ! U satisfyingeitherProposition7 or
Proposition8 with arbitrary exit facetF i , then the corre-
spondinghybrid systemH S is bi-similar with its discrete
quotientsystemDS, (and therefore decidable).Moreover,
thebi-similarity of H S andDS canbeshownwithoutiter-
ativere�nementof the�xed partition I (l ), l 2 L .

Note that in a worst casescenario,checkingthe suf�cient
conditionsfor bi-similarity betweenH S and its discrete
quotientDS requiresthe applicationof Proposition7 and
Proposition8 to eachof the N + 1 facetsof eachof the
simplicesI (l ), l 2 L .

5 Rectangularmulti-af�ne hybrid systems

An N -dimensionalrectanglein IRN is characterizedby two
vectorsa = (a1; : : : ; aN ) 2 IRN andb = (b1; : : : ; bN ) 2
IRN , with thepropertythatai < bi for all i = 1; : : : ; N :

RN = f x = (x1; : : : ; xN ) 2 IRN j ai · x i · bi ;

i = 1; : : : ; N g: (15)

Thesetof 2N verticesof RN is denotedby VN , andmaybe
characterizedas

VN =
NY

i =1

f ai ; bi g (16)

For k = 1; : : : ; N , let »k : f ak ; bk g ¡ ! f 0; 1g denotethe
indicatorfunction

»k (ak ) = 0; »k (bk ) = 1; k = 1; : : : ; N : (17)

ThenRN has2N facetsdescribedby

F j ;»j (w j )
N = RN \ f x 2 IRN j x j = wj g; (18)

with correspondingouternormalsgivenby

nj ;»j (w j )
N = (¡ 1)»j (w j )+1 ej ; (19)

for all wj 2 f aj ; bj g and j = 1; : : : ; N , whereej , j =
1; : : : ; N denotetheEuclideanbasisof IRN .



An arbitrary facet F j ;»j (w j )
N has 2N ¡ 1 vertices

(v1; : : : ; vN ), vj = wj . For an arbitrary vertex
(v1; : : : ; vN ), the N facets containing it are given by
F j ;»j (v j )

N , j = 1; : : : ; N .

A multi-af�ne functionf : IRN ¡ ! IRm (with N ; m 2 IN)
is a polynomial in the indeterminatesx1; : : : ; xN with the
propertythat the degreeof f in any of the indeterminates
x1; : : : ; xN is lessthanor equalto 1. Stateddifferently, f
hastheform

f (x1; : : : ; xN ) =
X

i 1 ;:::;i N 2f 0;1g

ci 1 ;::: ;i N x i 1
1 ¢¢¢x i N

N ; (20)

with ci 1 ;:::;i N 2 IRm for all i 1; : : : ; i N 2 f 0; 1g andusing
theconventionthatif i k = 0, thenx i k

k = 1.

Lemma 10 A multi-af�ne function(20) is uniquelydeter-
mined by its values f (v1; : : : ; vN ) at the verticesof an
N -dimensionalrectangleRN . Moreover, its restriction
f : RN ¡ ! IRm is a (unique)convex combinationof its
valuesat thevertices:

f (x1; : : : ; xN ) =
P

(v1 ;:::;v N )2 VN

Q N
k=1

³
x k ¡ ak
bk ¡ ak

´ »k (vk )
¢

³
bk ¡ x k
bk ¡ ak

´ 1¡ »k (vk )
f (v1; : : : ; vN )

(21)

Theproofof theabove Lemmacanbefoundin [28].

Remark 11 Therestrictionof a multi-af�ne functionf on
RN to a facetF j ;»j (w j )

N , wj 2 f aj ; bj g, j = 1; : : : ; N of
RN (which is a rectanglein IRN ¡ 1) is itself a multi-af�ne
function,andfor each x 2 F j ;»j (w j )

N , f (x) is a convex com-

binationof thevaluesof f at theverticesof F j ;»j (w j )
N .

Using this property, the result of Proposition4 obviously
extendsto multi-af�ne functionson rectangles.Basedon
this,wecanstateandproveequivalentsof Propositions6,7,
and8 for multi-af�ne vector�elds with polyhedralbounds
de�ned on rectangles:

_x = f (x); f : RN ! U µ IRN (22)

Proposition12 For any j = 1; : : : ; N , and any wj 2
f aj ; bj g, there is no trajectory of (22), (20) leaving RN

through F j ;»j (w j )
N if and only if n j ;»j (w j )

N

T
f (v) · 0, for

all v = (v1; : : : vN ) 2 VN with vj = wj .

Proposition13 Thereexistsa multi-af�ne vector�eld (22),
(20) on RN whosetrajectoriesnever leaveRN if andonly
if thefollowing2N polyhedral setsarenonempty:

U(v1 ;::: ;v N ) = U
\

f g 2 IRN jnj ;»j (v j )
N

T
g · 0; j = 1; : : : ; N g

(23)
for all (v1; : : : ; vN ) 2 VN .

Proposition14 Thereexistsa multi-af�ne vector�eld (22),
(20) driving all initial statesin the rectangleRN through
an arbitrary exit facetF j ;»j (w j )

N in �nite time if andonly if
thefollowing2N setsarenonempty:

U(v1 ;:::;v N ) = U
\

f g 2 IRN jnj ;»j (w j )
N

T
g > 0 and

ni;» i (v i )
N

T
g · 0 for all i = 1; : : : ; N ; i 6= j g (24)

for all vertices(v1; : : : ; vN ) 2 VN .

A proofof Proposition(14)canbefoundin [28].

Propositions13 and14 provide a solutionto Problem1 for
rectangularmulti-af�ne hybrid systems.

Theorem15 Let I (l ), l 2 L bea givensetof rectangular
invariants belongingto a multi-af�ne hybrid systemH S.
Let U ½ IRN bea polyhedral set. If for every l 2 L there
existsa vector�eld f l : I (l ) ¡ ! U satisfyingeitherPropo-
sition 13 or Proposition14 for an arbitrary exit facetF of
the rectangleI (l ), thenthe correspondingmulti-af�ne hy-
brid systemH S is bi-similar with its discretequotientsys-
tem DS, (and therefore decidable). Furthermore, the bi-
similarity of H S and DS can be shownwithout iterative
re�nementof the�xed partition I (l ), l 2 L .

In a worstcasescenario,checkingthesuf�cient conditions
of Theorem15 for bi-similarity betweenH S and its dis-
cretequotientDS requiresthe applicationof Proposition
13 andProposition14 to eachof the 2N facetsof eachof
the(multi-dimensional)rectanglesI (l ), l 2 L .

6 Motion planning example

Considera largenumberM of identicalfully actuatedpla-
narrobotsdescribedby controlsystems

_x i = ui ; i = 1; : : : ; M ; ui 2 U (25)

wherex i 2 IR2 is thepositionvectorof roboti in theworld
frameandui 2 U µ IR2 is the correspondingcontrol re-
stricted to a rectangularset U = [¡ 1; 1] £ [0; 1], i.e.,
thecontrolmagnitudeon eachaxis is boundedto 1 andthe
robotsarerestrictedto move in thedirectionof positive y.

Thetaskis togeneratefeedbackcontrollawsui (x i ) tomove
therobotsfrom aninitial to a �nal region of thetaskspace
in �nite time, while avoiding obstaclesandobservingthe
velocity boundsui 2 U. Assumethattheinitial region, the
positionandsizeof theobstacles,andthe�nal regioninduce
a triangularpartitionof theplaneasshown in Figure2. We
solve this problemby constructingvector �elds that obey
the control restrictionseverywherein a triangleanddrive
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Figure 2: A triangularpartition of a planarenvironment. The
shadedregions representobstacles. Robotsstarting
from arbitraryinitial positionsin thelower triangleare
requiredto leave the rectangularregion in �nite time
throughthe upperedge,while avoiding obstaclesand
observingvelocity bounds. Nine sampletrajectories
areshown for illustration.
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Figure 3: The choiceof vector�elds at the verticesof eachtri-
angleandthecorrespondinguniqueaf�ne vector�elds
in eachtriangle.

all statesin theinitial trianglethroughthedesiredsequence
correspondingto thetask.

Using Proposition8 in eachof the allowed triangular in-
variantsI (l i ), i = 1; : : : ; 4 (i.e., triangleswhich are not
occupiedby obstacles),wederivednecessaryandsuf�cient
conditionsfor theexistenceof af�ne vector�elds (restricted
to the polyhedralsetU) driving all initial statesthrougha
separatingfacetin �nite time. Our choiceof vector �elds
at the verticesand the correspondinguniqueaf�ne vector
�elds for eachof thetrianglesaregivenin Figure3.

Note that, for adjacenttriangles,we chosethe sameve-
locity valuesat the verticescorrespondingto the common
facet.This guaranteesthecontinuityof thevector�eld ev-
erywhere.Indeed,thevector�elds in two adjacenttriangles
coincideon the separatingfacet,sincetheir restrictionsto
theseparatingfacet,which is a lower dimensionalsimplex,
areuniquelydeterminedby thevaluesat thecorresponding
vertices.

The trajectoriesof M = 9 robotsoriginatingat arbitrary
initial statesin theinitial triangleareshown for illustration
in Figure2.

7 Conclusion

In this paper, we considertheproblemof constructingvec-
tor �elds with polyhedralboundsin eachof the regions
producedby a partition of a statespaceso that the result-
ing hybrid systemis decidable. We considertwo classes
of hybrid systems,triangularaf�ne systemsandrectangular
multi-af�ne systems,andshow thatthedecidabilityof such
systemsis guaranteedif somespeci�edpolyhedralsetsare
nonempty. Thisreverseengineeredapproachto formalanal-
ysisof hybrid systemsis illustratedin aroboticmotiongen-
erationsimulationexample. Futurework will be focused
on propertybasedreachabilityanalysis,safetyveri�cation,
andcontrol of suchsystems,aswell ason applicationsto
motionandcontrolproblemsin robotics.
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