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Abstract

In this paper the questionof bi-similarity betweenhybrid
systemsandtheir discretequotientsis studiedfrom a new
point of view. We considertwo classef hybrid systems:
piecavise afne hybrid systemson simplicesand piece-

wise multi-af ne systemson multi-dimensionarectangles.

Givena x ed partition of the statespacewe derive suf-
cientconditionson thevaluesof thevector elds atthever-
ticesof the polytopes,in orderthatthe constructechybrid
systemis bi-similar with its correspondingdiscretequo-
tient transition system. The resultsare basedon the fact
thataf ne vector elds onsimplicesandmulti-af ne vector
elds onrectanglegreuniquelydeterminedy theirvalues
at the vertices. In this way, an interestingclassof decid-
ablehybrid systemds determined.Theresultis appliedto
amotionplanningproblemfor planarrobots.

1 Intr oduction

Systemghatconsistof acombinatiorof continuouslynam-
icsanddiscreteeventsarecalledhybrid system$l, 2, 3, 4].
Continuousprocessegontrolled by digital controllersare
examplesof suchsystemsln additionto discontinuitiedn-
troducedby the computey mostphysical processegxhibit
discretedynamicsdue to the action of elementsranging
from valves,gearsandswitchesin electro-mechanicalys-
temsto transcriptionalkregulatorsin geneticand metabolic
networks. Hybrid systemsare used as main modeling
framework in a large numberof areassuchas automated
highway systemsair-trafc managemensystemsembed-
dedautomotve andavionic controllers manufcturingsys-
tems, robotics, geneticand metabolicnetworks, real-time
communicationnetworks, and real-time circuits. Formal
veri cation is a very importantissueduring systemdesign.
The goal of formal veri cation is to prove thatthe system
performsasexpected.As the automatedsystemsaregrow-
ing in scaleand compleity, the possibility of subtleerrors
becomesnuchlarger. As aresult,it is crucialto ensurehat

the systemis alwayssafe.

Formal analysisis concernedwith readability analysis
whichis theproblemof determininghesetof stateseached
by asystenstartingfrom agiveninitial set,andsafetyeri -
cation, whichis the problemof formally proving thata sys-
temdoesnothave ary trajectorieconnectingwo givensets
of states A classof problemdike theonesde ned aboveis
calleddecidable if thereexists a computationaprocedure
that can decide,in a nite numberof steps,whetherary
systemin the classveri es ary propertyin the class. For
purely discretesystemsdescribedby nite statemachines,
decidabilityis an easytask, sinceit canbe performedby
exhaustvely searchinghe stateset. For hybrid andcontin-
uoussystemsgecidabilityis animportantissuebecause¢he
numberof statesn a continuousstatesetis uncountable.

In this paper we considera particularcaseof hybrid sys-
tems, that consistof speci ¢ dynamics(vector elds), de-
ned in non-overlappingregions of the statespace called
invariants The decidability of suchhybrid systemswith
givenvector elds andgiveninvariantsis animportantbut
dif cult problem thatis notsolvedin thispaper Insteadwe
prove the decidability of a certainclassof hybrid systems
with prescribednvariants,but with arbitraryvector elds,
restrictedo a certainclass.In otherwords,giventheinvari-
ants,we wantto constructvector elds sothattheresulting
hybrid systemis decidable. This reverseengineeringpro-
cedureis suggestedy robotic motion planningproblems,
wherea partition of the taskspaceis naturallyinducedby
the position and size of obstaclesandinitial andgoal re-
gions,andvector elds have to be assignedo eachof the
regionssothatthe robotsmaove from theinitial to the nal
region while avoiding the obstaclesandobservingvelocity
bounds. The decidability of the correspondindiybrid sys-
temsreduceghe motion planningproblemto a searclona
nite graph.

We focus on two classesof hybrid systems: triangular
afne systemsj.e., hybrid systemswith triangularinvari-
antsandafne dynamics,andrectangulamulti-af ne sys-



tems,which arehybrid systemswith rectangulainvariants
and multi-af ne dynamics. There are several reasongfor
our choiceof theseclasse®f systems.First, givena poly-
hedralstateset, triangulationand rectangulampartition are
the mostattractive proceduredor partitioning[5]. Second,
afne vector elds arelargely encounteredn practice,as
linearizationof nonlinearsystemsaroundoperatingpoints
(not necessarilyequilibria). Third, nonlinearmulti-af ne
dynamicsareusedin modelsof biochemicalnetworks [6],
the celebratedEuler, Volterra[7], and Lotka-\blterra [8]
equations.The applicationsof theseequationgangefrom
control of spacecrafand undervatervehicles[9] to mod-
eling competitionand selectionprocessen economyand
chemicalnetworks. Moreover, af ne systemson simplices
andmulti-af ne systemsn (multi-dimensionalyectangles,
have somevery interestingproperties[10, 6] that can be
usedin the study of decidability for hybrid systemswith
suchdynamicsandinvariants.

For thesetwo classesf hybrid systemswe shav that, if

the triangularor rectangulainvariantsare given, the exis-

tenceof af ne or multi-af ne dynamicsrenderinghecorre-
spondinchybrid systemslecidablecanbeguaranteetly the
nonemptines®f several polyhedralsets. We also provide

formulasfor the constructionof the vector elds. These
resultsarebasednthefactthataf ne vector elds onsim-

plices and multi-afne vector elds on multi-dimensional
rectanglesare uniquely determinedby their valuesat the
vertices.Thevaluesatall otherpointsarecorvex combina-
tionsof thevaluesatthevertices.

The paperis organizedas follows. In Section2, we give

de nitions of hybrid systemsgdiscretequotients andintro-

ducetheideaof simulationandbi-simulation.The problem
isformulatedin Section3. Af ne hybrid systemsawith trian-

gularinvariantsaretreatedn Sectiord andmulti-af ne sys-
temswith rectangulainvariantsin Section5. An example
of motion generatiorfor a groupof robotsusingdecidable
triangularaf ne systemsds givenin Section6. The paper
endswith conclusionsand nal remarksin Section?.

2 Bi-similar discreteabstractionsfor hybrid systems

Formally, a hybrid system[11, 12] is de ned asatuple
HS = (X;L; Xo;1:f;T); @)

whereX RY,N 2 Nis the continuousstatespace L
is a nite setof locations(alsocalledmodes)X = L £ X
is the overall statespaceof the system,(I;x) 2 L £ X
denotests state X u X is thesetof initial states) is the
invariant,which assigngo eachlocationl 2 L aninvariant
setl() p X, f : L ! (X! TX)isamappingthat
speci esthecontinuouso w (vector eld) in eachlocation,
andT %2 L£ X £ L isasetof discretetransitions Motivated

by robotic motion planingproblems we considera special
caseof (1), wherethe invariantsl (1) are non-overlapping
polyhedralregionsin R™ . In particularwe assumethat if
the intersectionl (I;) \ 1(l;) of two polyhedralregionsis
nonemptythenit is acommonfaceof | (I;) andl (I;). In
this caseatransitionT from |; to|; occurswhena statex
o wsthroughthe boundarybetween (1;) andl ().

The mainideain formal analysisis to be ableto mapthe

trajectoriesof a hybrid systemto trajectoriesof a discrete
system,i.e., to transforma problemwith an uncountable
numberof statego a decidableproblemwith nitely mary

states,that is equivalentto the rst asfar asreachability
propertiesareconcernedThis procedurds calledabstiac-

tion.

The discrete quotienttransitionsystemD S for the hybrid
systemH S de nedin (1) is atuple

DS = (L; Lo;t); ()

wherelL is the setof locationsfrom the de nition of H'S,
Lo is the setof discreteinitial statescorrespondindo X,
andt u L £ L isthesetof transitionsde ned asfollows:
thereexistsatransitiont = (I;19 if andonly if thereexists
x 2 X sothat(l; x; 19 is atransitionT of H S.

Fromthis de nition of DS, it is obviousto seethatthedis-
cretequotientsystemD S canreacheverythingthattheini-
tial hybrid systemcanreach,andcanthereforebe usedfor
conserative reachabilityanalysis,i.e., to constructover
approximationof the reachablesetsof HS. We saythat
DS simulatesH S. However, the corverseis in general
not true. Indeed,it is easyto imaginethat thereare situ-
ationsin which D S hastrajectorieghatdo not correspond
totrajectorief H S. Thiscanhapperwhendifferentinitial
statesin anarbitrarylocationl (1) have differentproperties
with respecto the reachabilityof the neighboringregions
of I (I). Onesuchsituationcorrespondgo the casewhen
someinitial statesn | (1) stayinsidel (l), while otherdeave
I (1), whichmakesH S andD S not equivalentwith respect
to reachabilityof neighbors Anothersituationcorresponds
to the casewhen differentinitial statestransitto different
neighborf | (I). EventhoughH S andD S areequivalent
with respecto reachabilityof neighborsof | (1) (provided
thatno statesstayinsidel (1) forever), the conserativeness
appearsvhile constructinghediscretequotientover several
invariants. An illustration of this ideais givenin Figurel
(a),wherethediscreterajectoryl; ! 1, ! I3, whichexists
becausef the de nition of the discretequotient,doesnot
imply thatthereis atrajectoryof H S passinghroughl (11),

I (I,), andl (I3). Thedegreeof conserativenessncreases
with the dimensionof the problem. This situationcanbe
eliminatedthroughre ned partitioning,asshowvn in Figure
1 (b). If suchaniterative re nementprocedurderminates,
i.e., producesa discretequotientwith at mostone transi-
tion from eachdiscretestate with the guarante¢hatall ini-
tial statesin the correspondingnvariant o w in nite time
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Figure 1: The bi-simulationalgorithmis aniterative re nementof partition, which terminatesf, in the discretequotient,thereis at most
onetransitionfrom eachstate:(a) D S simulatesH S but H S doesnotsimulateD S and(b) D S andH S arebi-similar.

to the correspondingieighboy HS andD S are called bi-
similar, i.e., they areequivalentwith respecto reachability
properties. The bi-simulationrelationwas rst introduced
in [13, 14], formally de ned for linear control systemsn
[15], andfor nonlinearsystemsin an abstractcateyorical
context in [16].

In [17], it hasbeenshawn that reachabilityis undecidable
for avery simpleclassof hybrid systemsSeveraldecidable
classehave beendenti ed thoughby restrictingthecontin-
uousbehaior of the hybrid systemasin the caseof timed
automata[18], multirate automata[19], [20], and rectan-
gularautomatd17], [21], or by restrictingthe discretebe-
havior, asin orderminimal hybrid systemg22, 23, 24]. All
thesadecidableclassesretooweakto representontinuous
andhybrid systemmodelsthat arisein practice. Thenone
might be satis ed with sufcient abstractionsas the dis-
cretequotientsystemde ned by (2). But even nding the
discretequotientis not at all trivial. Relatedwork focuses
onpartitioningusinglinearfunctionsof thecontinuousvari-
ablesasin themethodof predicateabstraction$25, 26|, or
usingpolynomialfunctionsasin [26, 27]. However, to de-
rive the transitionsof the discretequotient,one hasto be
ableto eitherintegratethevector elds of theinitial system
[25], or usecomputationallyexpensve decisionprocedures
suchasquanti er eliminationfor realclosed elds andthe-
oremproving [26], which seriouslylimits the dimensionof
the problemghatcanbe solvedin oneof theseways.

3 Problem formulation

As statedin the Introduction,we will not addresghe de-
cidability of hybrid systemswith given vector elds and
invariantsin general,but rathercharacterizea classof de-

cidablehybrid systemswith giventriangularor rectangular
invariantsandarbitraryafne or multi-af ne vector elds.
In otherwords,for thesetwo classeof systemsgiventhe
invariants! (1), | 2 L, we wantto constructvector elds
f| sothattheresultinghybrid systemH S (1) is bi-similar
with its discretequotientD S (2). Moreover, motivatedby
robotic motion planning problems,we imposepolyhedral
boundsfor thevector elds:

Problem1 Considera polyhedal region X of RN with a
giventriangulationor rectangulampartition | (1),1 2 L. Let
U be a polyhedal subsetof RN . Characterizea classof
hybrid system#d S with af ne or multi-afne dynamicd :
I(I) i! U, thatare guaranteedto be decidablewithout
furtherre nementof the xed partition 1 (1),1 2 L.

4 Triangular af ne hybrid systems

LetN 2 IN andconsideMN + 1 afnely independenpoints

K+l K+l
Sy = fx2 RV jx= LiVis .i=1 i, Og
i=1 i=1
3)
Fori 2 f1;:::; N+ 1g, thecorvex hull of fvy;:::;vn+1 0N

fvigis afacetof Sy andis denotedby F;. Let n; denote
the correspondinginit outernormalvector
CRY 1

Form 2 IN, letf IR™ be an arbitrary afne



function
f(x) = AX + b; (4)

with A 2 R™EN andb2 R™. Thenwe have:

Lemma 2 Theaf ne function(4) is uniquelydeterminedy

Moreover, therestrictionoff to Sy is acornvex combination
of its valuesat the verticesandis givenby:

B

X

f(x)= Gvi!? 1 i X2Sy (5)
whee
G=[ou:on+1 ] (6)
and . .
_ Vi 0 VN+1
V= 1 1 )

arem£ (N + 1)and(N + 1) £ (N + 1) realmatrices.

Proof:
Sincevs;:::;vn+1 areafnely independenty, j vi;Vs i
Vi;:i1;Vn+1 | Vi arelinearly independentandtherefore,

constitutea basisof RY . An immediateconsequencés
that, for agivenx 2 Sy, the, i's from (3) are uniquely

de ned andgivenby:
2 3
51 . S
. - il X .
2 : g - V l ’
S N+1

whereV is de ned by (7) andis easilyseento be nonsin-

independentlndeed,

_ Vi Vo Vi VN+1 i V1o
detV = det 1 0 . 0
N +2 £ a
= (1 det voj vi VN+1 i Vi

Letf(v) = g,i = Igl,;':\‘::l;N + 1. Forary x %,SNN,lthere

existunique, ; , 0, Z;7 ,i = 1sothatx = ;" , Vi
andwe have
W+L K+l
f(x) = f( L,ivi)y=A ,ivitb
i=1 i=1
IW+L K+l
= A ,iVit b s
i=1 i=1
K1 DS
= Li(Avi + b) = LiG
i=1 2 i=1 3

.1
= [Giiionna ]g : %

s N+1

[giiigne VY ®)

andthe Lemmais proved. ™

Remark 3 Therestrictionof an af ne functionf to afacet
Fi of Sy (i.e. Fj itselfis a simplecin RN ) is afne and
foranyx 2 Fj, f (x) is a cornvex combinationof the values
of f attheverticesof F;.

Proposition4 Letw 2 R™ andd 2 R. Thenw'f (x) >
d everywhee in Sy if and only if w'f(v;) > d, i =

Proof:  The necessityfollows immediatelyfrom the fact
that the verticesvy;:::;vn+1 belongto Sy. For suf-
ciengy, forary x 2 Sy we have:

K+l X+l
wifx)y=wf( iv)=w' Lif(vi)
i=1 i=1
X+l K+1
LiwTf(v)>d .i=d
i=1 i=1

It is easyto seethattheresultof Propositiond remainsvalid
if > isreplacedby , , =, <, - . Also, it is obvious that
Propositiond remainsvalid if f is restrictedo afacetF;.

Remark 5 Afne functions(4) de ned on geneal full di-
mensionalpolytopesPy are still convex combinationsof
their valuesat the verticesand Proposition4 remainsvalid
by justreplacingSy with Py . However, the corvex combi-
nationsare not uniqueand expression(5) for the construc-
tion of the af ne functioncannotbe used,unlessthe poly-
topeis triangulized,and (5) can be usedin ead simple
(see[10]).

In the restof this section,we will restrictour attentionto
afne functions(4) with m = N de ned onasimplex Sy
and with valuesin a polyhedralsubsetU of RY, ie, to
afne vector elds with polyhedralbounds:

x=f(x); f :Sy! UuIRN 9)

Proposition6 For anyi = 1;:::;N + 1, andany initial
statein Sy , thereis notrajectoryof (9) leavingSy through
F; if andonly if nin(vj) - O forallj = 1;:::;N + 1,
j 6i.

Proof: For sufciency, nff(v;) 0, forallj =
thereforethe systemcannotcrossfacetF;. Thenecessitys

easily proved by contradiction. Supposedhatthereexists a



then,by continuityof f , thereexistsa whole neighborhood
aroundvy wheren[ f (v¢) > 0, andthereareinitial states
in this neighborhoodhatleave Sy throughF; . m

Proposition6 canbe usedto provide a characterizatiorof
therequirementhatanafne systemcaneitherstayinside
a simplex forever, or drive all initial statesin a simplex
througha desiredfacet(i.e., to a neighbor)in nite time.
If oneof theseconditionsis satis ed in all invariantsof a
triangularaf ne hybrid systemH S , this hybrid systemis
bi-similar with its discretequotienttransitionsystemD S,
andthereforeit is guaranteethatH S is decidable.

Specically, the afne system (9), (4) starting in
Sy will never leave Sy if and only if there exist

Weha/enin(vj) - O, forallj = 1;:::;N+1,j 6 1i.
Theseconditionscan be equivalently formulatedas feasi-
bility checksatthevertices:

Proposition7 Thee exists an afne vector eld on Sy
whosetrajectoriesneverleaveSy if andonlyif thefollow-
ing N + 1 polyhedal setsare nonempty:

\
Uj =U
(10)

Also, it canbe shavn [10] thatthe afne vector eld (9),
(4) drivesall initial statedn thesimplex Sy throughafacet

1,and(2)nf g - Oforallk;j = 1;:::;N + Lwithk 6 i,
andj 6 k. As beforetheseconditionscanbe equialently
formulatedat the verticesasfollows:

Proposition8 Thele existsanaf ne vector eld (9) driving
all initial statesin the simplex Sy throughthe facetF; in
nite timeif andonlyif thefollowing setsare nonempty:

\

U=U fg2R"ng- 0 (11)

j=1:::;N+1j6iandnlg> Og; (12)
\ N

U=U fg2R"jnTg>O0and (13)

ngg- Oforallk=1;::5;N +1,k6 j;k6ig (14)

If one of the setsfrom Propositions7 or 8 is empty
then thereis no afne vector eld in Sy satisfyingthe
correspondingproperty If they are all nonempty then

valid af ne vector eld by formula (5). Indeed,for every
X 2 Sy, we know thatf (x) is a cornvex combinationof

O1;::0v+1 2 U. Hence,f (x) is containedin the con-
vex hull of gi1;:::;9n+1 , Whichis the smallestcornvex set
containinggs;:::;on+1 , andthereforeincludedin U. So

thevector eld is boundeceverywherein thesimplex asre-
quired.

Proposition and8 provide a solutionto Probleml for the
caseof triangularaf ne systems.

Theorem9 Letl(l),| 2 L bea givensetof triangular in-
variantsbelongingto a hybrid systemH S. LetU % RN

be a polyhedal set. If for everyl 2 L there existsa vec-
tor eld fy : I(l) j! U satisfyingeither Proposition7 or
Proposition8 with arbitrary exit facetF;, thenthe corre-
spondinghybrid systermH S is bi-similar with its discrete
quotientsystenD S, (and therefore decidable). Moreover,
thebi-similarity of HS andD S canbe shownwithoutiter-
ativere nementof the xed partition | (1),1 2 L.

Note thatin a worst casescenario,checkingthe sufcient

conditionsfor bi-similarity betweenH S and its discrete
quotientD S requiresthe applicationof Proposition7 and
Proposition8 to eachof the N + 1 facetsof eachof the
simplicesl (1), 1 2 L.

5 Rectangularmulti-af ne hybrid systems

An N -dimensionatectanglén RN is characterizety two

fx=(x;xn) 2 RN ja - x - b
i=1:::;Ng: (15)

RN =

Thesetof 2V verticesof Ry is denoteddy Vy , andmaybe
characterizeds

Y
W = fa;hbg (16)
i=1

f 0; 1g denotethe
indicatorfunction

w(a) =0 »w(b) =1 k=1;:::;N: (17)
ThenRy has2N facetsdescribedy
FUM) =Ry fx2 RY jx = wg,  (18)
with correspondinguternormalsgivenby
m ) = (g (19)

forallw; 2 fa;ggandj = 1;:::;N, wheregj, j =



An arbitrary facet F)”™) has 2Vil vertices

(vi;iisswn), v = wj. For an arbitrary vertex
(vi;:::;vn), the N facetscontaining it are given by
FJ > (vy) — e N

N ) J ’ 1

A multi-afne functionf : RN j! R™ (with N;m 2 IN)

X1;:::;Xn IS lessthanor equalto 1. Stateddifferently; f
hastheform X
f(Xeiiiixn) = Cil;:::;iNXil1 ¢¢¢XiNN ; (20)
ig;nio N 2f 0;1g

with ¢, ....i 2 R™ for alliq;:::;in 2 f0;1g andusing

thecorventionthatif iy = 0, thenx¥ = 1.

Lemma 10 A multi-afne function (20) is uniquelydeter

N -dimensionalrectangleRy . Moreover, its restriction

f : Ry i! R" is a (unique)corvex combinationof its
valuesat thevertices: ;
..... _P Qv oy 0
f(xl""'XNs) T fviivie)2Wn o k=1 b:: a:
b i Xk (N (Vk) .....
b i ak Vi, VN )

(21)
The proof of theabose Lemmacanbefoundin [28].

Remark 11 Therestrictionof a multi-afne functionf on
Ry to afacetF)” ") w; 2 faj;hgj = LN of
Ry (whichis a rectanglein_IRN : 1) is itself a multi-afne
function,andfor eac x 2 F;” 1) f (x) is a convex com-
binationof thevaluesof f at theverticesof F;” (1)

Using this property the resultof Proposition4 obviously
extendsto multi-afne functionson rectangles.Basedon
this, we canstateandprove equivalentsof Propositions, 7,
and8 for multi-af ne vector elds with polyhedralbounds
de ned onrectangles:

x=f(x);f:Ry! UpRN (22)

Proposition12 For anyj =

fa; ;B g, there is no trajectory of (22), (20) leaving Ry
- . T

through F;” ™) if and only if nl ™) f (v) - 0, for

allv=(vy;:ivn) 2 W withy; = w;.

Proposition 13 Thele existsa multi-afne vector eld (22),
(20) on Ry whosetrajectoriesnever leaveRy if andonly
if thefollowing 2N polyhedal setsare nonempty:

\ Lo T
Uvissvgy = U fg2IRNjnJN’»’(V’) g- 0;j =1:::;Ng

Proposition 14 Thee existsa multi-afne vector eld (22),
(20) driving all initial statesin the rectangleRy through
an arbitrary exit facetF);” ) in nite timeif andonly if
thefollowing 2N setsare nonempty:

A proof of Proposition(14) canbefoundin [28].

Propositionsl3 and 14 provide a solutionto Probleml for
rectangulamulti-af ne hybrid systems.

Theorem 15 Letl (1), 2 L bea givensetof rectangular
invariants belongingto a multi-afne hybrid systemH S.
LetU ¥2 R" bea polyhedal set. If for everyl 2 L there
existsavectoreld f, : 1 (l) j! U satisfyingeitherPropo-
sition 13 or Proposition14 for an arbitrary exit facetF of
therectanglel (1), thenthe correspondingnulti-afne hy-
brid systenH S is bi-similar with its discrete quotientsys-
temDS, (and therefore decidable). Furthermoe, the bi-
similarity of HS and D S can be shownwithout iterative
re nementof the xed partition | (1), 1 2 L.

In aworstcasescenariocheckingthe sufcient conditions
of Theorem15 for bi-similarity betweenH S andits dis-
cretequotientD S requiresthe applicationof Proposition
13 andProposition14 to eachof the 2N facetsof eachof
the (multi-dimensionalyectangled (1), 1 2 L.

6 Motion planning example

Considera large numberM of identicalfully actuatedla-
narrobotsdescribedy controlsystems

X' =ui=1:M; U 2U (25)
wherex' 2 I_R2 is the positionvectorof roboti in theworld
frameandu' 2 U p R? is the correspondingontrol re-
strictedto a rectangularsetU = [j 1; 1] £ [0; 1], i.e,
the controlmagnitudeon eachaxisis boundedo 1 andthe
robotsarerestrictedo move in thedirectionof positivey.

Thetaskis to generatéeedbaclcontrollawsu' (x') to move
therobotsfrom aninitial to a nal region of thetaskspace
in nite time, while avoiding obstaclesand observingthe
velocity boundsu’ 2 U. Assumethattheinitial region, the
positionandsizeof theobstaclesandthe nal regioninduce
atriangularpartition of the planeasshawvn in Figure2. We
solwve this problemby constructingvector elds that obey
the control restrictionseverywherein a triangle and drive



Figure 2: A triangularpartition of a planarernvironment. The
shadedregions representbstacles. Robots starting
from arbitraryinitial positionsin thelower triangleare
requiredto leave the rectangularegion in nite time
throughthe upperedge,while avoiding obstaclesand
observingvelocity bounds. Nine sampletrajectories
areshawn for illustration.

Figure 3: The choiceof vector elds atthe verticesof eachtri-
angleandthecorrespondinginiqueaf ne vector elds
in eachtriangle.

all statesn theinitial trianglethroughthe desiredsequence
correspondingo thetask.

Using Proposition8 in eachof the allowed triangularin-
variantsl (l;), i = 1;:::;4 (i.e, triangleswhich are not
occupiedby obstacles)we derived necessargndsufcient
conditionsfor theexistenceof af ne vector elds (restricted
to the polyhedralsetU) driving all initial statesthrougha
separatingacetin nite time. Our choiceof vector elds
at the verticesand the correspondinginiqueaf ne vector
elds for eachof thetrianglesaregivenin Figure3.

Note that, for adjacenttriangles,we chosethe sameve-
locity valuesat the verticescorrespondingo the common
facet. This guaranteethe continuity of the vector eld ev-
erywhere Indeed thevector elds in two adjacentriangles
coincideon the separatingacet,sincetheir restrictionsto
the separatindacet,whichis alower dimensionakimplex,
areuniguelydetermineddy the valuesat the corresponding
vertices.

The trajectoriesof M = 9 robotsoriginating at arbitrary
initial statesn theinitial triangleareshown for illustration
in Figure?2.

7 Conclusion

In this paper we considerthe problemof constructingvec-
tor elds with polyhedralboundsin eachof the regions
producedby a partition of a statespaceso that the result-
ing hybrid systemis decidable. We considertwo classes
of hybrid systemstriangularaf ne systemsandrectangular
multi-af ne systemsandshaw thatthe decidabilityof such
systemds guaranteedf somespeci ed polyhedralsetsare
nonempty Thisreverseengineere@pproacho formalanal-
ysisof hybrid systemss illustratedin aroboticmotiongen-
erationsimulationexample. Futurework will be focused
on propertybasedeachabilityanalysis safetyveri cation,
and control of suchsystemsaswell ason applicationsto
motionandcontrol problemsn robotics.
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