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Controlling a class of non-linear
systems on rectangles

Calin Belta,Member, IEEEand Luc C.G.J.M. Habets

Abstract—In this paper we focus on a particular class of related to the group ofndirect methods, where the main
nonlinear affine control systems of the form# = f(z) + Bu, idea is to map the continuous or hybrid system to a discrete
where the drift f is a multi-affine vector field (i.e., affine in each y5ngjtion system through an iterative partitioning procedure
state component), the control distribution B is constant, and the . . . . . L2
control « is constrained to a convex set. For such a system, Weproducmg_ finer and f_|ner quotients, un_tll the |n|_t|al system
first derive necessary and sufficient conditions for the existence and the discrete quotients become equivalent with respect to
of a multi-affine feedback control law keeping the system in a reachability properties. This procedure is callgdstraction
rectangular invariant. We then derive sufficient conditions for and the corresponding algorithm is called thiesimulation
driving all initial states in a rectangle through a desired facet g14qrithm, If such an iterative refinement procedure terminates,

in finite time. If the control constraints are polyhedral, we show o . : -
that all these conditions translate to checking the feasibility of then the initial continuous or hybrid systems and their discrete

systems of linear inequalities to be satisfied by the control at quotient are calledi-similar and the reachability problem is
the vertices of the state rectangle. This work is motivated by called decidable The bi-simulation relation was first intro-
the need to construct discrete abstractions for continuous and duced in [28], [23], formally defined for linear control systems

hybrid systems, i_n_ which analysis and control tasks specified in in [27], and for nonlinear systems in an abstract categorical
terms of reachability of sets of states can be reduced to searches text in [14]. H in 151 it h b h that
on finite graphs. We show the application of our results to the contex _'n [_ ] owever, in [15], i QS een shown E_‘
problem of controlling the angular velocity of an aircraft with ~ reachability is undecidable for a very simple class of hybrid

gas jet actuators. systems. Several decidable classes have been identified though
Index Terms— Hyper-rectangles, convexity, decidability, multi- PY restricting the continuous behavior of the hybrid system,
affine functions. as in the case of timed automata [3], multi-rate automata [1],
[25], and rectangular automata [15], [29], or by restricting the
discrete behavior, as in order-minimal hybrid systems [18],
. INTRODUCTION [19]. All these decidable classes are too weak to represent
The central problems iformal analysisof systems are continuous and hybrid system models that arise in practice.
reachability analysis and safety verification. The goal dfhen one might be satisfied with sufficient abstractidres,
reachability analysidgs to construct the set of states reachedith a discrete quotient that can be used to over-approximate
by trajectories of the system originating in a given (possiblne reachable set of the initial system. But even finding the
uncountable) initial setSafety verificatioris the problem of discrete quotient is not at all trivial. Related work focuses on
proving that a system does not have any trajectory frompartitioning using linear functions of the continuous variables,
given initial set to a given final (unsafe) set. For discretas in the method of predicate abstractions [2], [30], or using
systems with a finite number of states, these problems gaynomial functions as in [30], [10]. However, to derive
decidablei.e.,can be solved by a computer in a finite numbethe transitions of the discrete quotient, one has to be able
of steps. For continuous and hybride(, described by both to either integrate the vector fields of the initial system [2],
continuous and discrete dynamics) systems, these problesnsuse computationally expensive decision procedures such
are very difficult (in general undecidable) because of thes quantifier elimination for real closed fields and theorem
uncountability of the state space. proving [30], which severely limit the dimensions of the
One way to solve formal analysis problems for continuoyzoblems that can be approached.
and hybrid systems is to construct the set of states reached bin this paper, we focus on a particular class of nonlinear
the system, or an over-approximation of this set, by workiraffine control systems of the forma = f(z) + Bu, where
directly in the continuous state space. Such methods are callee drift f is a multi-affine vector fieldife., affine in each
direct and are not the subject of this paper. Our work istate component), the control distributidh is constant, and
the controlu is constrained to a convex set. This class of con-
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relationship between the structure of the vector fields and thbe set of vertices ofRy is denoted byVy, and may be
shape of the regions to solve two problerfsoblem 1: keep characterized as

the system in a rectangle for all timesnd Problem 2: drive N

the system through an exit facet in finite tinhe this paper, VN = H{ai’bi} @

we show that if the control constraint sét is polyhedral, =t

then the solutions to the above problems can be parameterik€tip € N with p < N. Then every(N — p)-face I of the

by polyhedral sets. The main idea in constructing solutiod$-dimensional rectangl&, characterized by equations of
to Problems 1 and 2 is using a very interesting property 8fe form

multi-affine functions on rectanglea: multi-affine function is T, = a; OF z;, = b,

uniquely determined by its values at the vertices of a rectangle

and its restriction to the rectangle is a convex combination

of these valuesThe solutions to Problems 1 and 2 enables Ti, = @, Or x = b,

one to construct computationally efficient characterizations @here ;,, iy € {1,...,N} andi; # iy for j # k, is

decidability of such systems. Indeed, a partitioned continuolgmorphic with an(N — p)-dimensional rectangle. We are
system is bisimilar with the discrete quotient produced by th@yrticularly interested in facets. Fér = 1,..., N, let & :

partition if and only if all initial states in a region either stay N, b} — {0,1} denote the indicator function
the region forever or transit in finite time to just one neighbor.

This work draws inspiration from [11], [12], [13]. In these Eular) =0, &(bx) =1, k=1,...,N. 3)
works, the authors study affine continuous dynamics on S":f'henR has2N facets described by
plices. The starting point for their results is an observation N

sin_1i|ar to the one we use in this paper: an gﬁine funcfcion is F]J\'ff(wﬁ =Ry N{z cRY| T; = w;}, 4)

uniquely determined by its values at the vertices of a simplex )

and its restriction to the simplex is a convex combinatiof‘\); a”wu_)j €{aj,b;},j =1,...,N. The outer normal of facet
A3

of these values. In this paper, we extend these results td'g "~ ' is given by
larger class of continuous dynamié¢s,., we allow for product 56 (W5) (1) (w)+1 5
type nonlinearities. Moreover, we focus on a different partition "N =(=1) € ®)
geometry, which i_s more _attractive for Iargg dimen_sional _prolfbr all w; € {a;,b;},j=1,...,N, whereej, j =1,...,N
lems. Although triangulations may be carried out in Euclideafenote the Euclidean basis BfY.

spaces of any finite dimension (see e.g. [20], [8]), rectangulanye end the discussion on rectangles by noting that an
grids are easier to work with, certainly in problems of highegrpjtrary facetF]a\';Ej(wj) has2™N -1 vertices(vy, .. ., vy), With

dimension. _ “v; = w;. Moreover, for an arbitrary vertew, ..., vy), the
The rest of the paper is structured as follows. In Sectiog facets containing it are given byjyfj(vj% j=1,...,N.
Il we introduce the notation and give some basic definitions, Definition 1 (Multi-affine functioni\:[A muIti-affihe ,func—
before we formally state the problems in Section Il Thﬁon f: RN — RY (with N,¢ € N) is a function in which
interesting properties of multi-affine functions on rectangleesach of theq componentsfl’
enabling the framework of this paper are presented in Sec“ﬂ'&leterminatea:l ;
IV. Based on this, in Section V, we present the main theore i G=1,. ’
providing solutions to the problems stated in Section lIl. Oug ! ’
approach is illustrated in Section VI by an application to the

.., fq is a polynomial in the
...,xnN, With the property that the degree
..,q), in any of the indeterminates,, ...,z x
less than or equal tb. Stated differently/f has the form

control of an aircraft with gas jet actuators. We conclude inf(z) = f(z1,...,an) = > ¢y iy¥i -2,
Section VII with final remarks and directions for future work. i1,.in€{0,1}
(6)
Il. PRELIMINARIES with ¢;, .. iy € RY for all 4y,...,ix € {0,1} and using the

. . . . convention that ifi, = 0, thenz}* = 1.
Let N € N and consider theéV - dimensional Euclidean For example, forN = 2 and arbitraryq, all multi-affine

spaceR™. A full dimensional polytopePy is defined as the functions have the forny (1, ) = coo + 1021 + o122 +
convex hull of at leastV + 1 affinely independent points in c117179, Wherec;; € RY, i, j ’e (0,1}
RN . A facetof Py is the intersection ofPy with one of its Finally, note th]at it is’an (N - p)-face of Ry, then the
supporting hyperplanes. More generallyfae of Py is the oqyriction £ |, of f to F is a multi-affine function on an
intersection ofPy with several of its supporting hyperplanes(N — p)-dimensional rectangle.
If the dimension of the intersection js (with 0 < p < N)
the face is called a-face In particular, all facets oPy are
(N — 1)-faces, and the vertices @ty are0-faces.

An N-dimensional rectangle iR" is characterized by two  With the notation and definitions introduced in the previous
vectorsa = (a1, ...,ay) € RV andb = (by,...,by) € RY, section, we are now ready to formulate the problems we study
with the property thati; < b; for all i € {1,...,N}: in this paper. As already outlined in the Introduction, we

consider control systems of the form:
Ry ={z=(z1,...,an) €RN |Vie {1,... N} : y

a; < x; < b} @ = f(z)+Bu, € Ry, uelU @)

IIl. PROBLEM FORMULATION
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where the stater is restricted to a rectangular regidRy {z = (21,...,2nx_1) ERY 1 |Vie {1,... N —-1}: q; <
of RV as defined in (1) and the input is constrained in a z; < b;} we have
convex setU C R™. The vector fieldf is assumed to be

multi-affine as defined in (6) and € R¥*™ is a constant = flon,... on—1,an)

matrix of control directions. Note that the systems we consider = g1(v,..,on1) +an - ga(vr, - 0N ), 9

are a particular class of nonlinear affine control systems [16], = J(vr,... on-1,bn)

which have the general forma = f(z) + G(x)u, wheref is a = g1V, on-1) N g2V VN ).

"drift” vector field and G(x) is a matrix spanning the control Syptraction of both equations yield§ay — by)

distribution. Therefore, in this paper, we consider a pal‘tiCU@E(vl,...,UNfl) = 0, and sinceay — by # 0, we

class of drift, and constant control distributions. obtain gs(v1,...,ony—1) =0 for all (vy,...,on5-1) € Vy_1.
We first consider the problem of designing bounded feeghis implies that alsqy, (v1,...,vx_1) = 0 for all (vy,...,

back control laws that keep the state trajectories of the closedr_,) ¢ Vy_;. By the induction hypothesig; = 0 and

loop system in the rectangly: g2 =0, hencef = 0. ]

Problem 1 (Rectangular invariant)Determine a feedback Proposition 1: Let Ry be anN-dimensional rectangle in
control law u = k(z) € U for system (7), such that ther™, and letg : Vy — R be a map, relating every vertex of
corresponding closed-loop system is positively invariant oR to a vector inR?. Then there exists a unique multi-affine

the rectangleR . function f : Ry — RY such that
The positive invariance condition in the above problem
means that, if a state trajectaryt) of the closed-loop system Yo € Vo f(v) =g(v). (10)

satisfiesx(tg) € Ry, thenz(t) € Ry for all ¢ > . : :
. ; M , if f = (v1,..., th f
We then consider the problem of controlling system (7) Sooreover It for everyv = (u; vn) € Vy the image o

th.at in finite _time the state is_ driver_1 to a desilred faceRaf, Q(Jkuidit? _ IS’ J?f???;egivbeyg(gly’ ‘('3'): Utﬁénitﬁg“r’ﬁifft]iv.g%:i&r; ap
without leaving R before this desired facet is reached: f: Ry — RY realizing (10) is given by

Problem 2 (Control to a facet)Determine a feedback con-
trol law v = k(x) € U for system (7) such that, independent of It oy) =3 HN (rk,ak
the initial state, all state trajectories of the closed-loop system LN (vllw-’“N)EVN k=1 \ br—ap
leave Ry through a desired facet in finite time, meanwhile (u) (o) Yoy

br—ay

guaranteeing that a trajectory does not leave the rectangle (11)

through any of the the remaining facets. _ _ Proof: It follows from (3) that for every(vy, ...,vy) €
To solve Problems 1 and 2, we restrict our attention to mulq/- the d
N product

affine feedback controller&(z). In this case, the feedback

)ik(vk)

law is automatically continuous and bounded®g, and the N —ap \ )y — o\ R R)
closed-loop systent = f(z) + Bk(x) is multi-affine. H b — ax be — ar
k=1
IV. M ULTI-AFFINE FUNCTIONS ON RECTANGLES contains either a factoﬁf:—(‘j: ora factorgij—il’:; if v = by,

Hyen the first factor is présent, andvif = a, then the second
factor is present. This proves th#tdefined in (11) is multi-
affine. Furthermore, for every fixe@dy,...,vy) € Vi:

In this section, we state and prove an interesting prope
of multi-affine functions on rectanglea: multi-affine function
(6) defined on anN-dimensional rectangle (1) is uniquely

determined by its values at the verticddoreover, inside N Ex(vr) 1—&x(vk)

. . . . . Tk —ak b=z _
the rectanglethe function is a convex combination of its [Ti=1 (bk,fak) (brak,) -
values at the verticeThese results constitute the basis forthe [ 1 if (z1,...,25) = (v1,...,0N),
main theorems stated and proved in Section V, which provide ~— | 0 if (z1,...,2n5) € Vv\{(v1,...,on)}
solutions to Problems 1 and 2. So indeed B B for

Lemma 1:Let Ry be anN-dimensional rectangle withy fv, - 0N) = Yron) = (010, VN)
all v = (v1,...,vn) € Vn.

as vertex set. Lef : Ry — R? be a multi-affine function,

and assume that If fo: Ry — RYis a multi-affine function satisfying (10),

thenh := f — f is multi-affine, andh(vy,...,vy) = 0 for
YveVy: f(v)=0. 8) all (v1,...,un) € V. By Lemma 1,k = 0, hencef defined
in (11) is unique. ]
Proposition 2: In every pointz € Ry, the valuef(z) of a
multi-affine functionf : Ry — RY is a convex combination
of the values off at the vertices ofRy.
Proof: According to Proposition 1 we have

Then f = 0.
Proof: (By induction).N = 1: If f(a;) =0andf(b) =
0 and f is affine, thenf = 0.
Induction step There exist multi-affine functionsy,
RN-1 — R? andg, : RV~ — R? such that

&k (Vi)
N _
f@1,..an) = g, an—1) Han g2 (21, - TN 1), flen o an) = 20, onevn Hie= (2”’;_35)
lfgk(vk)
. by —
Then for all vertices (vi,...,on_1) € Vy_1 = (ﬁ) f(vr,...,oNn),

1Y, {as, b;} of the (N —1)-dimensional rectangl®&y _; := (12)
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and by applying the same proposition to the identity functidme constructed using formula (11). By PropositioniZz)
h =1, which is of course a multi-affine function frofiy to is a convex combination of,, ... .,) everywhere inRy,

R: and sinceg.,, ...,y € U and U is convey, it follows that
N oo NEE) gy o\ 1-gw) k(@) €U, Vo € Ry

1= Y I ( k ’“) < i ’“) . The vector fieldf(z) + Bk(z) of the closed-loop system

(1., 0N )EVN k=1 b — ak b — ak is a multi-affine function onRy with values at the vertices

(13)  f(vy,...,oNn) + Bg(u,,...wy)- The inequalities inside equa-
Sinceay <z < by forall k=1,..., N, it follows that for tions (15) state that, for an arbitrary vertéx,...,vx),
(v1,...,vN) € Vi, the product f(v1,...,vn) + Bgu,,..vy) has a negative projection along
N £ (on) 1—&x (vp) the outer normals of all facets containing the vertex. This is
H <xk — ak> (bk — :vk) €0,1. (14) equivalent to saying that, for an arbitrary facet, the vector field

paiet b — ag b — ag of the closed-loop system is orieEn;ced) inside the facet at the
Hence, (12) and (13) show thal(z1, ..., zx) is a convex vertices. Formally, for any facefty>’**?’, we have:
combination of the values of at the vertices of?y. u 65 (w) T

Corollary 1: Let f : Ry — R? be a multi-affine function g (f(01s - 0N) + B(os,n)) <0
on the N-dimensional rectangl®y. Let (x1,...,2x) € Ry, _
and letF' be the face ofRy of lowest dimension of which for @l (vi,...,vn) € Viv with v; = w;. From Lemma 2, we
(z1,...,zy) is an element. Therf(z1, ..., =) is a convex conclude that

combination of the values of at the vertices off". 5.8 (wi) T

Lemma 2:Let w € R? andd € R. Thenw” f(z) > d N (f(z) + Bk(z)) <0 (16)
everywhere inRy if and only if w” f(vq,...,vnx) > d, for £ (s L _ _ _
all (gfjl...,vN) gVN. B star)llds forJ;(n; ok, SN): > S for all z € FJJ\;EJ( 7). In combination with the Lipschitz

Proof: The necessity follows immediately from the facEontinuity of the velocity vector fieldf(z) + Bk(x), condition
that the verticegv, vx) belong toRy. The sufficiency (16) guarantees that the state of the closed-loop system cannot
is also immediate from the fact that’ f(z) is a scalar multi- €ave the rectangle through any of the facets (see e.g. [13,
affine function, and therefore its restriction to the rectangfdPPendix A for a similar proof in case of systems with affine
Ry is a convex combination of its values? f(v1,. .., vy) dynamics). This proves the first part of the equivalence.
at the verticeguv, ..., vy). = For necessity, assume there exists a multi-affine control law

Itis easy to see that Lemma 2 remains valid i restricted ¢ = k(x) € U solving Problem 1. Then we ta@mj...,w) =
to a facetF of Ry. k(vi,...,vn) and we will prove thay,, ... .y) € U(vl,...,vN)'
Of courseg(y,.....ny) € U. We only need to show that
V. CONTROL OF MULTI-AFFINE SYSTEMS ON RECTANGLES o T
The following theorem gives a complete description of the N
solution to Problem 1 under the assumption that the feedba}glf all (v1,...,on) € Vy andj = 1,..., N. If we assume
controllers are restricted to multi-affine functions of the statg, ~ontradiction that there exists a ve;te:xl ..., u) and
It basically states that there exists a multi-affine feedba‘é%directionj e {1,...,N} so that the ab0\7/e ir’lequality is
controller k(z) solving Problem 1 if and only iff, B, and {55e e., satisfied with *"), then by continuity this implies
U are such that, at each vertex;, ..., vy), We can ch00Se & yat there exists a whole neighborhood (af;, ..., vy) in
control gy, ....vn) € U Sg’ that the velor?ty of thehclosed loopp N i which f(z) + Bk(z) has a strictly positive projection
systemf(vy, ..., un) + Bg(u,,....uy) @ the vertex has negatlvealongnﬂ\’fj v’) Then there will exist trajectories of the system

projections along the outer normals of all facets containing that €5 (v;) L
vertex. Formally, we have: r1eavmg the rectangle through facét); . This gives a

Theorem 1 (Equivalent condition for Problem IJhere contradiction _and the_ theorem 'S_ _proved. . u
exists a multi-affine feedback control law= k(z) € U for Next, we give sufficient conditions for the existence of a

system (7) such that all state trajectories of the correspondffjution to Problem 2:iff, B, andU are such that, at each

closed-loop system that start in the rectangle, remain in VETteX (v1,..-,vN), we can choose a contrgl,, .. .y) €U
the rectangleRy for all times if and only if the following SO that the velocity of the closed-loop systgifv,, ..., vn) +
sets are nonempty: Bg(u,,...ny) at the vertex has a strictly positive projection

along the outer normal of the exit facet and a negative
U(Ivl,..‘,vN) =U ﬂj—vzl{g € R™| projection along the outer normals of all facets containing that

(f(vlu"'7UN)+Bg(v1 ..... 'UN))SO7

.....

36 wnT (15) vertex different from the exit facet, then we can construct a
N (F(v1,-- on) + Bg) < 0} solutionk(x) of Problem 2. Formally, we have:
for all (vy,...,on) € VN. Theorem 2 (Sufficient conditions for Problem Zhere
Proof: For sufficiency, if all the setéf{vl,,_”w) are non- exists a multi-affine feedback control law= k(x) € U for
empty, than we can choose arbitrajy, . ,,) € U{m,_“ﬂw) system (7) such that all state trajectories of the corresponding

and letk(z) be the unique multi-affine function ol taking closed-loop system that start in the rectanglg are driven
the valuesg,, ... »,) at the vertices. Such a function carthrough an arbitrary faceFf\;gﬂ(w-’) in finite time, without
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crossing other facets first, if the following sets are nonemptirajectories turn back inté before they leave the rectangle
UE —UN through the required exit facet on a later occasion. In this
) UL, UN) case it is not necessary that in all vertices of the exit facet
{g € R™n%5 )" (f(v1,...,vn) + Bg) > 0 and (17) the vector field of the closed-loop system has a positive

ng,vsf,(m)T(f(vh ...,on)+ Bg) <0 component in the direction oﬁfﬂ'(“’ﬂ_ .
foralli=1,...,N,i# j} Remark 3 (Computational issues)yhe setsU{vhwUN) in

Theorem 1 and]?}hm_w) in Theorem 2 represent allowed

sets for controls at the vertices. If these sets are non-empty,

Proof: Ch i £ I . ) .

k() brgothecur?ioiz a%t:r;?;ﬁi(ﬁ;fﬁgétir?%ﬁ'”’v{\é)kandtr?; any choice of control valueg,, .. .,) in these sets will
r q . N 9 lead to a perfectly valid multi-affine feedback control law
valuesg,, ...y at the vertices as shown in equation (11)

" ) o u = k(z) by formula (11). If the allowed control séf is a
By Proposition 2/(x) is a convex combination Qja,.....ux) polyhedral subset dR™, then checking the non-emptiness of

everywhere infty, and sinceg,....y) € U, it follows that 7/ , andUE reduces to checking the feasibility

(V15eney v . . e . .
k(z) €U, Vo € Ry. o?f a set of linear inequalities, for which there exist several

First, using arguments similar to those in the proof computationally powerful algorithms and software packages
Theorem 1, we note that the state of the closed-loop systgm P y p 9 P 9

; see e.g. [9], [17]).
cannot leave the rectangle through any of the facets differen emark 4 (Constant feedback contron interesting spe-

7,65 (w;) ;
from Fy . Indeed, from the second line of (17), we hav%ial case of Theorem 2 is when

i,&; Uy T
niE (f(v1,..soN) + Bgguy,.on)) <0, ﬂ

forall i = 1,...,N, i # j, which means that the vector (v1,.,uN)EVN
field corresponding to the closed-loop system has negatiX
projection along the outer normals of alN —2 facets different

; 7,85 (w;) i it i
from the exit facetty and the one opposite to it in the2. Note that this is consistent with (11). Indeedy,

j-th direction. Using the convexity property of multl-aﬁmea for all (v1,...,vy) € Vi, thenk(z) = a due to (13). This

functions in the form of Lemma 2, and the fact that the vect%r . . . .
. L . ) ase may be extremely useful in practical situations, where the
field f(x) + Bk(x) is Lipschitz continuous, we conclude tha y y b

tatex is not available for feedback.
the state of the closed-loop system cannot leave the rectangFe o

through any of these facets. For the facet opposiﬂéj{;&(“’j ),

since its outer normal is-n’¥ ), the inequality is strict VI. EXAMPLE: ANGULAR VELOCITY CONTROL

acc_:ording to the first line of Equation (17). Therefore, the state |, this section, we first make the important observation that
trajectory of the closed-loop system can only leave througRe cjass of systems studied in this paper includes attitude

for all vertices(vy,...,vn) € Vy.

E
U(vl,...,vN) # a.

R elementa in the above set can be used as a constant
(independent of the current state) control that solves Problem

J:&5 (wj) . .
Fy J i and angular velocity control systems for aircraft and under-
Since water vehicles. We then show a numerical example for angular
ngfﬂwﬂ (F@1,- -, N) + Bon...on)) > O, velocity control of an aircraft with gas-jet actuators.
for all (vq,...,vn) € Vn, by Lemma 2, we conclude that

e wn T ; .
there exists a@ > 0 such thatn?(f-]( 2 (f(x)+ Bk(z)) > ¢ A. Aircraft and underwater vehicles

everywhere inRy. Therefore, the state trajectories of the Consider an arbitrarily shaped aircraft with a body fixed

closed-loop system have a strictly positive speed in the diame {B} in motion with respect to a world framéi/'}.

rection of %™’ () and the Theorem is proved. m Let G be the inertia matrix of the aircraft with respect to its
Remark 1:Under the conditions of Theorem 2, the state dfody frame andmn its mass. Let(y,(s,...,(, be the axes

the closed-loop system leaves the rectangle the very first timgout which the corresponding control torques. .., ¢, are

it hits the exit facet. On the exit facet, trajectories cannot tuapplied by means of opposing pairs of gas jets. d.etenote

back into the rectangl& . the angular velocity in the body frame, the translational
Remark 2 (Necessary conditions for control to a facet): velocity of the origin of the body in body coordinates, and

The sufficient conditions in Theorem 2 are somewhat stronggrthe total force applied to the body at the center of mass

than necessary ones. For example, if one additionally requies¢pressed in the body frame. Then, the kinematic equations

that the property described in Remark 1 has to be satisfi@d the aircraft can be written as

one can easily prove along the same lines that the sufficient

conditions become necessary if we relax the requirement that mo. = muXw+ Fp (18)

at the vertices opposed to the exit facet the projection of the .

closed-loop vector field along the outer normal of the exit Gw = Guxw+t thi (19)

facet is only positive as opposed to strictly positive. On the =t

other hand, it is also possible to relax the property describedSimilarly, for an underwater vehicle modeled as a neutrally

in Remark 1 that all trajectories leavey immediately upon buoyant rigid body submerged in an ideal fluid, if the center of

reaching the exit facet. Instead, one may allow that sorgeavity of the vehicle coincides with the center of buoyancy,
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then the equations of motion can be written as [21]:
My = Mvxw+F

We propose a feedback control law, that may contain some
discontinuities, which allows for a "maneuvering” procedure
(consisting of continuous trajectoriesg., driving a rigid body
attitude or angular velocity control system between arbitrary
initial and final regions of the state space, while satisfying
bounds on inputs and state. An illustrative task that we can

where) is an added mass matrix which incorporates the masg'lve with this procedure is the following. Given an aircraft or

of the body and the mass of the fluid replaced by the bo%ﬁderwater vehicle with gas jet actuators and physical bounds

lesl]b:fr;?ea” the remaining variables have the same MEANIBY the control torques, which is initially rotating at a certain

The position and orientation in the world franfé?’} of angular velocity (not necessarily precisely known), we want

both systems described above are identified Wiffi(3), the to dr.|ve It towar(js_a f inal, desired angular veI.ocny. we _aI;o
) - . 3. require that a priori given bounds on the velocity are satisfied
Lie group of rigid body displacements R°:

during the transition. After the desired region of the state
_ | R d 3 space is reached, one can use a locally stabilizing control law
SE(3) = {A|A N { 0 1 } » R € S0@), deR } [6], [24], if convergence to a specific state is required. Of
(22)  course we need to make sure that the local region of attraction
whered denotes the displacement of the origin of the bodycjudes the target region of our algorithm. Note that globally
frame {B} in {W} and R € SO(3) its rotation: stabilizing controllers exist as well, but using those there is
SO(3) = {R| RRT =1, det(R) = 1} (23) o way one can guarantee that the tr:_ajectories converging to
a desired equilibrium satisfy the required bounds on inputs
The equations relating their positions and velocities are and state. Especially the possibility to guarantee that certain
R — RO (24) bounds on inputs and velocities are respected by the feedback
: controller, makes the design method proposed in this paper
d = Rv (25) attractive in a large area of applications.

(20)

p
GWXW+MUXU+ZCiti
i=1

Go = (21)

where() is the skew symmetric operator.
If quaternionsq = (q1,q2,q3,94) € S° (S* denotes the B Maneuvering in the angular velocity space
unit sphere inR*) are chosen to parameteriZe € SO(3),

equation (24) can be written as: Consider a parallelepiped aircraft with gas-jet actuators.

Assume that the framg B} is fixed at the center of the

w1 aircraft and aligned with its principal axis, so th&t =
g= %Q(q) w2 7 diag{gl,gg,gg}. Assume thaﬂilnsparl{gl, N :.3, ie., .
w3 the system is controllable. Without loss of generality, we will
0 take the control directions as being the Euclidean basis vectors

26
q4 —q3 Q2 —q1 (26)

g3 q4 —q1 —Qq2
—q2 q1 qa —qs3
—q1 —q2 —q3 —q4

e;, 1 = 1,2,3 and the control will be reparameterized by
along these directions. Then, the angular control system (19)
takes the form of the known controlled Euler’'s equations:

Qq) =

wp = ZBwiws 4 uy
where(w;, w2, ws) are the components of the angular velocity Gy = B9 e 4oy 27)
w. e — 919392 .
. . . . .. . . w3 wWi1w2 + us
There are situations, especially in space missions, in which g3

one is not interested in controlling the pose (displacement aAdsuming that the aircraft spans betwegrand; along the
rotation) of a spacecraft or underwater vehicle in a referend&ectione; (i = 1,2, 3) of the body frame{ B}, we have
frame, but rather in regulating the body velocities of translation 1 9 9
and rotation. In this case, equations (18) and (19), respectively g1 = ?m((% B 92)2 + (W5 — 03)2)’
(20) and (21), can be seen as control s i 92 = (V3 = O3)" 4 (1 = 01)7),
, ystems with states — X (6 — 61) + (s — 02)?)
z = (v,w) and controlsu = (F,ty,...,t,). However, there 93 = 24 te 2o
are several situations in which one is interested in controllifignally, the controlsu; are limited to take values ifi-1, 1].
only the attitude of a vehicle in a given world frame, and thefhe control system (27) is obviously of the form (7) with=
equations (19) and (26) can be seen as a control system witithe multi-affine driftf(xz) = (zax3(92 —93) /91, x123(93 —
statex = (¢,w) and control variables, = (¢1,...,t,). The g1)/g2, z122(g1 — 92)/g3), control directionsB = I3, and set
main observation in this section is that all control systentf admissible controlé/ = [—1,1]3.
mentioned above are affine control systems with multi-affine Consider the following control scenario. Assume that the
drift and constant control distribution as described in equati@ircraft is initially rotating around the-axis of its body frame
(7). The setU captures the physical control bounds. Using thgB} at speedv,;. The goal is to control the aircraft so that
results of this paper, we can approach the rigid body contibleventually rotates around its-axis at the same speed and
problem from a totally different perspective. Our approach iemains in this state for all times. Moreover, while transiting
somewhere in between stabilization to a point and interpfsem the initial to the final state, the aircraft is forbidden to
lation between two end positions in the configuration spaadevelop rotational speed, around itsy-axis.

(28)
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Fig. 1. (a) The region in the angular velocity spdas ,w2,ws) corresponding to the maneuvering task. The small rectangle onstheaxis in the upper
part represents the initial state of rotation about the bodyaxis. The small rectangle on thg - axis represents the final state of rotation about the body
x - axis. The thick line represents a closed-loop trajectory startin@,at ws). (b) The controls corresponding to the trajectory shown in (a).

To capture the uncertainty on knowledge of the state as welle Controller 4 - keep the system in a cubic box centered
as sensor noise, we allow for deviations of amplitude 0 at (ws,0,0) and side2e. The controller is designed by
in all directions. Under this assumption, the initial state of applying Theorem 1 to Rectangle 4 defined by —
rotation is assumed to be the collection of all states in a small ¢, w, + €] X [—¢, €] X [—¢, €] (see Figure 1 (a)).
cube centered &0, 0, ws) and with side2e. The amount of  \We used the following numerical data:
allowed speed of rotation around theaxis is assumed to be
e and the goal is to drive and keep the system in a small cube ws =3, m=100=-4 191 =4 0=~
centered ab = (ws, 0, 0), and with side2e¢, wheree > 0 is a Yo =4,05=—1,103=1,€=0.1.
small number. Using the results of this paper, we can provide a
solution to this problem in terms of a feedback control law bﬁ possible ch0|ce of Controllers 1, 2, 3, and 4 is given below.
defining a set of rectangles in the velocity space and sonﬁ(f“yl,vz,vg, ,4 represent the controls at the vertices
control problems of the type Problem 1 and Problem 2. Rectangley where Controller:i is defined, obtained as a

Explicitly, according to the specifications of the task, con—OIthlon of the set Of linear inequalities (17) for= 1,2,3

sider a set of four pairwise adjacent rectangles as shond (19) fori =4. u’, i =1,...,4 s the feedback control

in Figure 1 (a). The task is accomplished if the followin%atId ever()j/vxt/)herte Inl the correspcint?]mg r(:ctangle, uniquely
controllers are designed: etermined by its valuesy, at the veruces

a) Controller 1 (deflned |n3RectangIe 1):
« Controller 1 - “drive” the system down along the;- - - r
. . . 0.5 0.5
axis while keeping the absolute valueswaf andw, less 1 . 05 1 _ 05
thane. The solution to this problem is found by applying ~ J(at.az.a3) = o5 | Y(ar,az,b3) = o5 |
Theorem 2 to Rectangle 1 defined pye, €] x [—e¢, €] x - -
[e, ws + €] with exit facetws = € (see Figure 1 (a)). 0.5 0.5
« Controller 2 - “take the turn” around origin. This control 9(1a1,b2,a3) =] -05 |, 9(1a1,b2,b3) =| -05 |,
law can be derived by applying Theorem 2 to Rectangle 2 | —0.5 ] | —0.5 |
defined by[—e, €] x [—e¢, €] X [—¢, €] with exit facetw; = € - - -
. —0.5 —0.5
(see Figure 1 (a)). 1 B 1 B
« Controller 3 - drive the system along the-axis while I(br,02,03) = _(') 5 * 9(b1,a2,05) _(') 5 ’
keeping the absolute values®of andws less thare. The Lo Lo
solution is found by applying Theorem 2 to Rectangle 3 -0.5 -0.5
defined by[e,w, — €] x [—¢,¢€] x [—¢, €] with exit facet I bmas) = | =05 |+ 9o bwy) = | —05

w1 = ws — € (see Figure 1 (a)). -0.5 -0.5
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Rectangle
1

Rectangle
2

(b)

Fig. 2. The vector field of the closed-loop system is continuous everywhere, except on the boundary between Rectangle 1 and Rectangle 2. In Rectangles 2
and 3, the feedback law is the same. On the common facet of Rectangles 3 and 4 again a switch to another feedback law takes place, but the vector field of
the closed-loop system is continuous here because both feedback laws coincide on this common facet.

—5.731

0.5 0.5
u'(z) = | —5xo gf’bhb%%) =| -05 |, gg’bl’b%bg) = | -05
—0.5 0.5 —0.5
b) Controller 2 (defined in Rectangle 2): 0.5
0.5 0.5 ud(z) = | —bay
2 _ 2 _ -5
g(a11a2,a3) = 05 s g(a17a27b3) = 05 s T3
0.5 —0.5 d) Controller 4 (defined in Rectangle 4):
0.5 0.5 0.5 0.5
& =| -05 2 =| -05 : =105 4 =| 05
g(a17b2ga3) ’ g(al,bmbs) ’ g(al,U«Q,U«s) ) ) g(al,ambs) i ’
0.5 -0.5 0.5 —0.5
0.5 0.5 0.5 0.5
2 _ 2 _ 4 _
9(b1,a2,a3) = 0.5 |, 9(by,a2,b3) — 0.5 s 9(ar,bs,a3) —-0.5 |, Y(ar basbs) = —-0.5 |,
0.5 —0.5 0.5 —0.5
0.5 0.5 —0.5 —0.5
T tmag) = | —05 |+ Gty = | 05 Tramany = | 05 |+ Ghrawsny = | 05 |,
0.5 —0.5 0.5 —0.5
0.5 —0.5 —0.5
u?(x) = | —5y g?bhbm%) = —05 |, gzlbl’b%bg) = | -05
—bx3 0.5 —-0.5
c) Controller 3 (defined in Rectangle 3): [ 15 — 52y
0.5 0.5 ul(z) = |  —5w
3 _ 3 _ -5
g(al,az,ag) = 05 5 g(a17a27b3) = 05 y T3
0.5 =05 It is easily verified that on the common facet of Rectangles
0.5 0.5 2 and 3, and also on the common facet of Rectangles 3 and
3 _ _(') 5 3 _ _(') 5 4, the vector field of the closed-loop system is continuous. In
(a1ba,as) 2|7 Jlarbaba) T Rectangles 2 and 3, the feedback laws are even the same, and
0.5 —0.5 . . - .
no switch between different feedbacks is required, when the
0.5 0.5 state trajectory crosses the common facet= e of these two
gé”bl as,az) = | 09 | gf’bl asps) = | 05 |, rectangles. On the common facet of Rectangles 3 anc4,
0.5 -0.5 the facetw; = ws — ¢, the situation is slightly different. Here
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a switch from feedback law:?® to feedback lawu® occurs, the vertices of a full dimensional rectangle and the restriction
but since both feedback laws coincide on the common facef, the function to the rectangle is a convex combination
this does not lead to a discontinuity in the vector field of thef these values. Using these properties, we derive necessary
closed-loop system. Note that a switch from feedback4dw and sufficient conditions for the existence of a multi-affine
to feedback law:* is required, in order to guarantee that aftefieedback law keeping the state of an affine control system
entering Rectangle 4, the state trajectory will never leave thisth multi-affine drift and constant control distribution in a
rectangle anymore. rectangle. We also derive sufficient conditions for driving all

On the common facet of Rectangles 1 and.&,the facet state trajectories of such a system through a desired facet
ws = ¢, the feedback laws! and «? do not coincide. This of a rectangle in finite time. If the control constraints are
leads to a discontinuity in the vector field of the closed-loopolyhedral, we show that all these conditions translate to
system. So, in order to avoid ambiguity of the definition a$olving sets of linear inequalities.
the feedback law on this common facet, one has to specifyln the future, we will use these results to develop a frame-
it explicitly. We choose the feedback law on this commowork for computationally efficient construction of discrete ab-
facet to be equal ta:?. In this way it is guaranteed thatstractions for continuous and hybrid systems with multi-affine
the constructed feedback law solves the given reachabilitynamics. Specifically, using iterative rectangular partitions
problem. Indeed, feedbaak' on Rectangle 1 guarantees thaand the results presented in this paper, we want to construct
every trajectory starting in Rectangle 1 reaches faget ¢ discrete quotients that are either equivalent with continuous
in finite time, without leaving through other facets first. Omr hybrid systems with respect to reachability properties, or
the common facetvs = ¢, one switches (discontinuously)over-approximate their reachable sets. Even though the class of
to feedback lawu?. Since the component of the closedsystems thatwe consider in this paper is rather large, including
loop vector field in the direction of; remains negative, the Euler, Volterra, and Lotka-Volterra equations, attitude and
trajectory will cross the common facet = ¢, and feedback velocity control systems for aircraft and underwater vehicles,
u? = u? guarantees that the trajectory will cross the commas well as models of biomolecular networks, in the future we
facet of Rectangle 2 and Rectangle 3, and reaches Rectanygletry to extend these results to more complicated dynamics,
4 in finite time. After a (continuous) switch to feedback lavguch as polynomial dynamics.
u*, the state trajectory will remain in Rectangle 4 forever.
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